NULL STRUCTURE AND ALMOST OPTIMAL LOCAL 
WELL-POSEDNESS OF THE MAXWELL-DIRAC SYSTEM 



PIERO D'ANCONA, DAMIANO FOSCHI, AND SIGMUND SELBERG 

Abstract. We uncover the full null structure of the Maxwell-Dirac system in 
Lorenz gauge. This structure, which cannot be seen in the individual compo- 
nent equations, but only when considering the system as a whole, is expressed 
in terms of tri- and quadrilinear integral forms with cancellations measured by 
the angles between spatial frequencies. In the 3D case, we prove frequency- 
localized L 2 space-time estimates for these integral forms at the scale invariant 
regularity up to a logarithmic loss, hence we obtain almost optimal local well- 
posedness of the system by iteration. 



In this paper we uncover the complete null structure of the Maxwell-Dirac system 
(M-D) in Lorenz gauge. This structure is expressed in terms of tri- and quadrilinear 
integral forms with certain cancellations measured by the angles between spatial 
frequencies. In the 3D case, we prove frequency-localized L 2 space-time estimates 
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for these integral forms, at the optimal (i.e., scale invariant) regularity up to a log- 
arithmic loss, and as a consequence we obtain almost optimal local well-posedness 
of the system by iteration. 

The null structure that we have found is not the usual bilinear null structure that 
may be seen in bilinear terms of each individual component equation of a system, 
but instead depends on the structure of the system as a whole, hence we call it 
system null structure. System null structure has been found first by Machedon 
and Sterbenz [11] for the Maxwell-Klein-Gordon system (M-K-G), and later by the 
present authors for the Dirac-Klein-Gordon system (D-K-G); see [3]; in both cases 
this structure was used to prove the almost optimal local well-posedness of the 
respective systems. 

A key feature, distinguishing our work from earlier results on the regularity 
of nonlinear gauge field theories, is that we find a null structure relative to the 
Lorenz gauge condition, whereas up to now the gauge of choice has been the 
Coulomb gauge, following the seminal works [8, 9], where a bilinear null struc- 
ture was found for M-K-G and also the Yang-Mills equations (Y-M) in Coulomb 
gauge. The Coulomb gauge has been widely used since, also in [11]. For Y-M, the 
temporal gauge has also been used; see [15]. 

An obvious point in favor of the Lorenz gauge is the fact that it is Lorentz (sic) 
invariant, which entails that the equations take a much more symmetric form (they 
become nonlinear wave equations) than in Coulomb gauge, where one obtains a 
mix of hyperbolic and elliptic equations. 

In fact, the only advantage of Coulomb gauge seems to be that the 4-potential 
A of the electromagnetic field is better behaved in this gauge, whereas in Lorenz 
gauge it appears to have rather poor regularity properties. So if one walks down 
the usual path, thinking of M-K-G or M-D as systems of PDEs for either a scalar 
field (f> or a spinor if;, and the potential A, then this system will likely not be well- 
posed in Lorenz gauge near the scaling regularity. However, there is no compelling 
reason to take this point of view, because the regularity of A in itself is really of 
no interest. Instead, it is the electric and magnetic fields E and B (or equivalently 
the tensor F) which matter, and these are perfectly well-behaved in Lorenz gauge. 

The systems M-K-G and M-D are related, as can be seen from the fact that by 
"squaring" the Dirac part of M-D (which will destroy some of its structure) one 
obtains an equation that looks like the Klein-Gordon part of M-K-G, but with two 
bilinear terms added; in [1] it was shown that these additional terms also have a null 
structure, in Coulomb gauge. Combining this fact with the null structure found in 
[8] for M-K-G in Coulomb gauge, one can then conclude that all the bilinear terms 
in the "squared M-D" are null forms. In view of this, it is conceivable that the 
analysis in [11], where almost optimal local well-posedness was proved for M-K-G 
in Coulomb gauge, could be extended to cover also the "squared" M-D in Coulomb 
gauge, but we do not try to follow this path, which would only add to the already 
highly complicated analysis in [11]. 

In fact, "squaring" M-D is not a good idea, as it clearly destroys most of the 
spinorial structure of the system. And it is precisely the spinorial structure which 
allows us to find some very powerful cancellations, which however have a remarkably 
simple form, being expressed in terms of the six angles between the four spatial 
frequencies in a certain quadrilinear space-time integral form. 
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This structure enables us to prove closed estimates for the iterates of M-D at 
the scale-invariant data regularity, up to a logarithmic loss, but this turns out to 
be quite difficult, and takes up most of the paper. Since, as remarked, the systems 
M-D and M-K-G are related, it is natural to make a comparison of the techniques 
used here with those applied in [11]. In fact, some superficial similarities aside, our 
approaches differ significantly. 

As does [11], we rely on the usual dyadic decompositions of frequency space 
adapted to the null cone, and angular decompositions for the spatial frequencies 
taking into account the geometry of interacting null cones. 

The key difference is that we do everything within the confines of L 2 theory. 
On the one hand, our spaces are very simple: We use only the standard L 2 -based 
Sobolev and wave-Sobolev norms. On the other hand, working entirely in L 2 comes 
at a price: The existing L 2 theory for bilinear interactions of waves is not sufficient 
to handle the quadrilinear space-time integral form which is at the core of the M-D 
regularity problem, and we develop new techniques to deal with the difficulties that 
arise. Of course, we do use the L 2 bilinear generalizations of the L 4 estimate of 
Strichartz for the homogeneous wave equation (see [4]), but in addition we require 
a number of modifications of these estimates, proved by the third author in [13]. 

In [11], by comparison, highly sophisticated spaces were used, built from Besov 
versions of the X s ' b spaces and Tataru's outer block norms, but only well-known bi- 
linear estimates were applied (L 2 and mixed-norm generalizations of the Strichartz 
estimates for the wave equation). 

We now present the M-D system. 

On the Minkowski space-time ]R 1+3 we use coordinates t = x° and x = (x l , x 2 , x 3 ). 
The corresponding Fourier variable is denoted X — (r, £) , where r £ R and £ £ M 3 
correspond to t and x, respectively. The partial derivative with respect to x^ is 
denoted d^, and we also write dt = do, V = (pi, 82,83). Roman indices j,k,... 
run over 1,2,3, greek indices [i,v,... over 0,1,2,3, and repeated indices are im- 
plicitly summed over these ranges. Indices are raised and lowered using the metric 
diag(— 1, 1, 1, 1). The conventions regarding indices do not apply to mere enumer- 
ations, of course, only to indices relating to the coordinates of space-time. 

The M-D system describes an electron self-interacting with an electromagnetic 
field, and is obtained by coupling Maxwell's equations and the Dirac equation: 

(1.1) V-E = p, V-B = 0, VxE + P = 0, VxB-<9 t E = J, 

(1.2) (a' i D li + mP)ip = 0. 

The unknowns are the fields E = (S 1 ,^ 2 ,^ 3 ) and B = (5 1 , 5 2 , B 3 ), which are 
]R 3 -valued functions of (t, x), and the Dirac spinor -0, which is a C 4 -valued function 
of (t,x); m > is the rest mass of the electron. We regard elements of C 4 as column 
vectors, hence it makes sense to premultiply them by the 4x4 Dirac matrices 

where the cr J are the Pauli matrices. The matrices in (1.3) are all hermitian, and 
satisfy (o^) 2 = (/3) 2 = I 4x4 and a?a k + a k a^ = for 1 < j < k < 3. 

Formally, the second and third equations in (1.1) are equivalent to the existence 
of a four-potential = A^(t, x) £ E, fi = 0, 1, 2, 3, such that 

(1.4) B = VxA, E = VA Q ~d t A, 
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where we write A = (Ai, A%, A3). In the absence of an electromagnetic field, the 
operator in (1.2) would just be —id^, but in the presence of a field (E, B) 
represented by A^, this must be modified by the minimal coupling transformation, 
so that becomes the gauge covariant derivative 

(1.5) D, = D<£> = \d, - A,. 

To complete the coupling we plug into (1.1) the Dirac four-current density 

(1.6) J" = (a^,V0 (^ = 0,1,2,3), 

where ( z, w ) is the standard inner product on C 4 ; this splits into the charge density 
p = J° = \ip 1 2 and the three-current density J = (J 1 , J 2 , J 3 ). 

Eqs. (1.1)— (1.5) constitute the M-D system; to simplify it, we can express also 
the first and fourth equations in (1.1) in terms of A„. Thus, (1.1) is replaced by 

(1.7) DAft - dfj,(d u A v ) = — J M (n = d^ = -d*+A). 

Here, by the conventions on indices, Jo = — J° and Jj — J 3 for j — 1, 2, 3. 
Then M-D consists of (1.2) and (1.7), coupled by (1.5) and (1.6). 
This system is invariant under the gauge transformation 



(1.8) ^/ = eH A^A^ = A, + d, X 

for any \ '■ K 1+3 — + K, called the gauge function. Indeed, if (^,A M ) satisfies M-D, 
then so does (ip 1 , A' ), in view of the identity 

Since the observables E, B,p, J are not affected by (1.8), two solutions related by 
a gauge transformation are physically undistinguishable, and must be considered 
equivalent. In practice, a solution is therefore a representative of its equivalence 
class, and we can pick a representative whose potential A^ is chosen so that it 
simplifies the analysis as much as possible. This is known as the gauge freedom. 
In this paper we impose the Lorenz gauge condition (due to Ludvig Lorenz, not 
Hendrik Lorentz), 

(1.9) d^Ap = ( d t A = V • A) , 
which greatly simplifies (1.7). Then the M-D system becomes 

(1.10) {-iafdn + m/3) ip = A^tp, 

(1.11) DA lt = -(a^,i>), 

(1.12) d^A^ = 0. 

We consider the initial value problem starting from data 

(1.13) ^(0, x) = ip (x) e C 4 , E(0, x) = E (x) G R 3 , B(0, x) = B (x) e R 3 , 
which in view of the first two equations in (1.1) must satisfy the constraints 

(1.14) V-EqHVoI 2 , V-B o = 0. 

The initial data for the four-potential A^, which we denote by 

(1.15) VO.^^fxjel, p^^a.Wei fa = 0,1,2,3), 
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must be constructed from the observable data (Eo,Bq). We write a = (01,02,03) 



and a = (0,1,0,2,0,3). By (1.12) and (1.4) we get the constraints 

(1.16) d = V ■ a. B = V x a, E = Va - a, 
which determine a, a, given ao,ao. The simplest choice is 

(1.17) a o = flo = 0. 



Then a, a are determined by (1.16). 

The Lorenz gauge condition (1.12) is automatically satisfied throughout the time 
interval of existence, for data satisfying (1.14) and (1.16). It suffices to prove this 
for smooth solutions, since the solutions that we later obtain are limits of smooth 
solutions. So assume (^>,-A M ) is a smooth solution of (1.10) and (1.11) on a time 
interval (—T,T), with the A^'s real-valued, and set u = d^A^. A calculation using 
(1.11) yields Du — —2Im(—ia. fi d IJi ip,ip}, and (1.10) implies Du = 0; here we use 
the hermiticity of a.^ and /3. Moreover, u(0) — dtu(0) — 0, on account of (1.16) 
and (1.14), so we conclude that u(t) = for all t e (— T, T). 

Thus, the Lorenz condition (1.12) can be removed from the system once we have 
data satisfying the proper constraints, and we are left with the equations (1.10) 
and (1.11), but these can be combined into a single nonlinear Dirac equation by 
splitting the four-potential into its homogeneous and inhomogeneous parts: 

(1.18) A^A^ + A^-, 

(1.19) OA h ™- = 0, A^-(0,x) = aiJl (x), d t A^-(0,x) = a fl (x), 

(1.20) A?- = -D- 1 (ct^) ■ 

Here we use the notation D~ 1 F for the solution of the inhomogeneous wave equation 
□it = F with vanishing data at time t = 0. 

Thus, M-D in Lorenz gauge has been reduced to the nonlinear Dirac equation 

(1.21) (-«*% + m/3) i/> = A h ° m -a^i> - Af(tp, tp, tp), 
where 

(1.22) N{^xAM = p- l {ct^ 1 ^ 2 ))cx^. 

In order to uncover the null structure in (1.21), we decompose the spinor as 

(1.23) ^ = V>+ + V>-, v±=n±v>, 

where II± = II(±V/z) is the multiplier whose symbol is the Dirac projection 

(i-24) n(0 = i(i4 X 4 + ^) Kgi 3 ). 

To motivate this, we note that the stationary Dirac operator —ia J dj has symbol 
^cy.j (recall that £ £ M 3 denotes the Fourier variable corresponding to x), whose 
eigenvalues are ±|£|, with associated eigenspace projections n(±£), as can be seen 
using the algebraic properties of the Dirac matrices. Note the identities 



(1.25) i 4 x4 = n(0+ii(-£), w(0(Xj = u(0-u(-o, 

(1.26) n(0* = n(£), n(£) 2 = n(£), n(on(-o = o. 

In view of the last two identities, it is no surprise that 

(1.27) |n(^)n(-6)«| < \z\0fa, 6) (v^i, 6 e R 3 \ {o}, % e c 4 ) , 



6 



P. D'ANCONA, D. FOSCHI, AND S. SELBERG 



where 6(^1,^2) denotes the angle between nonzero vectors ^1,^2- This estimate, 
proved in [3, Lemma 2], is a key tool for identifying spinorial null structures. 
The right member of (1-25) can also be restated as 

(1.28) -ia^- = |v|n+-|v|n_, 

where |V| is the multiplier with symbol |£|. Combining this with (1.26) and the 
fact that II(£)/3 = /3II(— £), we see that (1.21) splits into two equations: 

(1.29a) (-id t + |V|) V+ - -m/3ip- + n+ (A^a^ - Af{i/j, V, VO) , 

(1.29b) {-idt - |V|) V- = -m/3ip+ + U {A h ° m -a^^ - N(ip, if), ijj)) . 

Corresponding to the operators on the left, we define the following spaces. 

Definition 1. For s, b G R, X± b is the completion of the Schwartz space 5(1R 1+3 ) 
with respect to the norm 

(1.30) \\u\\ x s +b = \\(0 s (r±\^\) b u(T,0\\ L2 , 

where u(t,£) denotes the Fourier transform of u(t,x), and (£) = (1 + ICI 2 ) 1 ^ 2 - 

Given T > 0, we denote by X^ b (Sx) the restriction of X± b to the time-slab 

S T = (— T, T) x R 3 . 

We recall the well-known fact that X s ± b (S T ) ^ C([-T,T]; H s ), for b > 1/2. 

Our first main result is that (1.21) is locally well-posed almost down to the 
critical regularity determined by scaling. To see what this regularity is, observe 
that in the massless case m = 0, M-D is invariant under the rescaling 

w> x ) — > zfe^(z'z) ' ( E ' B )(*' x ) — > ^2-( E ' B ) (hi) ' 

hence the scale invariant data space is 

V eL 2 (E ,B )eij- 1/2 xi7- 1 / 2 , 

and one does not expect well-posedness with less regularity than this. Our first 
main result is that local well-posedness holds with only slightly more regularity: 

Theorem 1.1. Let s > 0. Assume given initial data (1.13) with the regularity 

(1.31) Vo G H S (R 3 ; C 4 ), E , B G ff s - 1/2 (M 3 ; R 3 ), 
and satisfying the constraints (1.14). Then: 

(a) (Lorenz data.) There exist {a M , 0^)^=0,1,2,3 with ao = clq = and 

(1.32) a G \D\- 1 H s - 1 / 2 (m 3 ;M 3 ), a G H S - 1/2 (R 3 ; M 3 ), 
and such that the constraint (1.16) is satisfied. 

(b) (Local existence.) Use the data {a^a^} from part (a) to define as in 
(1.19). Then there exists a time T > 0, depending continuously on the norms of 
the data (1.31), and there exists a 

ip G C([-T,T];ir(]R 3 ;C 4 )) 

which solves (1.21) on St = {—T,T) x R 3 with initial data ip(0) — ipo- 

(c) (Uniqueness.) The solution has the regularity, with notation as in (1.23), 

(1.33) G xf(S T ), i>- G X s J h (S T ), 
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where b — 1/2 + e for e > sufficiently small, depending on s. Moreover, the 
solution is unique in this regularity class. 

The proof is by iteration in the space (1.33), so the main challenge is to prove 
closed estimates in this space; then existence and uniqueness follow by standard 
arguments (which we do not repeat here), as do persistence of higher regularity 
and continuous dependence of the solution on the data, which we did not explicitly 
include in statement of Theorem 1.1. (The latter two properties guarantee that our 
solutions arc limits of smooth solutions, a fact which was used above to reduce the 
Lorenz gauge condition to constraints on the initial data.) 

bmcc ip and A^ om - have very little regularity, it is far from obvious that the 
nonlinear terms in (1.21) make sense as distributions (so that it is meaningful to 
talk about a solution of (1.21)). The fact that they do make sense follows from the 
very estimates that we use to close the iteration. 

Let us mention some earlier results for M-D. Local existence of smooth solutions 
was proved by Gross [6]. Georgiev [5] proved global existence for small, smooth 
data. Bournaveas [2] proved local well-posedness for data (1.31) with s > 1/2; this 
was improved to s — 1/2 by Masmoudi and Nakanishi [12]. 

We remark also that our work leaves open the important question whether M-D 
is well-posed (globally, for small-norm data) for some scale invariant data space. 

Having obtained the solution ip of (1.21), we can immediately construct the full 
four-potential by defining A™ h - as in (1.20). This has poor regularity properties, 
however, due to the lack of null structure in the right hand side of (1.20), and the 
fact that ijj only has slightly more than I? regularity. We do prove that 

(1.34) A™ h - e C{[-T,T];H S -^ 2 ), 

but this is a full degree lower than the regularity of the data for (cf. (1.32)). 

But the regularity of A^ is not of interest; what matters is the electromagnetic 
field (E, B), and this turns out to have much better regularity properties, due to the 
structure of Maxwell's equations. In fact, the data regularity (see (1.31)) persists 
throughout the time interval of existence, as our second main result shows: 

Theorem 1.2. Assume that the hypotheses of Theorem 1.1 are satisfied, and let 
ip be the solution of (1.21) on St = (—T,T) x M 3 obtained in that theorem. Then 
there exists a unique solution 

(E,B) e C([—T, T]; if s ~ 1//2 ) 

of Maxwell's equations (1.1), with the Dirac four-current (1.6) induced by ijj, and 
with data as in (1.31). Moreover, A™ h ' , defined by (1.20), has the regularity (1.34). 

2. Notation 

2.1. Absolute constants. In estimates we use the shorthand X < Y for X < CY, 

where C 1 is some absolute constant; X = O(R) is short for |X| < R; X ~ Y 
means X <Y < X; X <$^Y stands for X < C~ X Y, with C as above. We write ~ 
for equality up to multiplication by an absolute constant (typically factors involving 
2ir) . Constants which are not absolute are always denoted explicitly, often with the 
parameters they depend on as subscripts or arguments. 
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2.2. Fourier transforms and multipliers. We write 

Jr 3 

Fu(t, = u(t, = [ e'^ tT+x -^u(t, x) dt dx, 



where r £ K and ^ £ R 3 ; we call £ the spatial frequency. We write X = (r, £), and 
multiple frequencies are numbered by subscript, as in Xj = (rj,£j). Coordinates, 
on the other hand, are always denoted by superscripts, as in £j = 
If A C R 3 , B C R 1+3 , then P^, P B are the multipliers given by 

PTfiO = XA(Of(0, ?b~u{X) = X b(X)u(X), 

where XAiXb are the characteristic functions of A, B. To simplify the notation 
when a set is given by some condition, we also write, for example, P/q^jv an d 
X(0~n instead of P {?: < ? )^at} and X{£ : <?)~w}- 

Let D = -iV, where V = {di,d 2 ,d 3 ). Given /i : M 3 -> C, we denote by 
the multiplier given by h{D)~f(£) = h(£)f(g). 

2.3. Bilinear interactions. Note the convolution identity 

(2.1) Zifi(X ) ~ /" SI(X 1 )^(X 2 ) d^ 2 o , d^ 2 o = 5(X - X! + X 2 ) dXr dX 2 . 
Here <5 is the point mass at zero, hence 

(2.2) X Q = X 1 -X 2 t = Ti -t 2 and £ = £i -&), 

motivating the following terminology: A triple (Xo, Xi, X 2 ) of vectors in M 1+3 is 
said to be a bilinear interaction if (2.2) is verified. 

Similarly, for a product without conjugation (then Xq = X% + X 2 ) 

(2.3) ^T 2 (X ) ~ J uHXi)v£{X 2 ) dv 12 Q , dv X2 Q = 5{X - X 1 - X 2 ) dX x dX 2 . 

2.4. LP and Sobolev norms. All LP norms are taken with respect to Lebesgue 
measure. In fact, we use almost exclusively L 2 norms, hence we reserve the notation 
|| -|| for the L? norm over W 1 , where n = l, 3 or 1 + 3, depending on the context. 
For example, if u = u(t,x) is a space-time function, then ||u|| is understood to be 
taken over K 1+3 . If we are taking the norm of an expression, we indicate by a 
subscript which variable or variables the norm is taken over, as in ||.F(t, OIL 2 ■ 
The n-dimensional Lebesgue-measure of a set A C M n is denoted \A\, where the 
value of n will always be clear from the context. 

Let H s be the completion of <S(Ml 3 ) with respect to ||/|j ffs = || (0 s / H^- Here, 
and throughout the paper, we use the shorthand 

(0 = (i + fcl 2 ) 1/a . 

An alternative, direct characterization is H s = T~ X L? ((£) 2s d£). In the statement 
of Theorem 1.1 we also refer to the space \D\~ 1 LL S , which is defined by 



IDI" 1 ^ 



^ { J§7 : 9 e £ 2 (k 3 )} = f^l 2 (\e(0 2s de) 
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with norm 

lll^KOVlU- Equivalent^, {D^H 3 is the completion of S(R 3 ) with 

respect to this norm. 

With this definition, the regularity statement in part (a) of Theorem 1.1 holds 
by the following lemma (with / = and u = Bo): 

Lemma 2.1. Let s G K and assume that f G H S (K 3 ;M) and u € H S (R 3 ,R 3 ), with 
V • u = 0. Then there exists a unique v G \D\^ 1 H S (R 3 ; R 3 ) such that 

(2.4) V • v = /, V x v = u. 

Moreover, djv k G H S (R 3 ; R) for j, k = 1, 2, 3. 

Proof. The identity VxVxv = V(V-v)— Av tells us that v must solve the 
Poisson equation Av = —V x u + V/. We therefore define v in Fourier space: 

w lei 2 ici 2/lu 

Then clearly, v G |I?| _1 .H" S (R 3 ; E 3 ) (see section 2 for the definition of this space) and 
it is easy to check that (2.4) is satisfied (here the assumption V • u = is needed). 
The uniqueness reduces to the fact that if w G |D| _1 iJ s and Aw = 0, then w = 0. 
To prove this, note that |£| 2 wK£) = in the sense of tempered distributions. But 
since w G \D\~ 1 H S , we know that w is a measurable function, and it follows that 
w = Q pointwise a.e., hence w = 0. □ 

2.5. Angles. Let 8(a,b) be the angle between nonzero a, b G M 3 . Then (see [13]) 

(2.5) |a| + \b\ - \a + b\ ~ min(|a|, |6|)0(a, &) 2 , 

(2.6) | a _ 6 |_|| a |_| 6 ||^^^0 (a!&) 2 (a ^ 6) . 

2.6. Special sets. The characteristic set of the operator — id t ± \D\ appearing in 
(1.29) is the null cone component 

(2.7) X ± = {(r,e)GM 1+3 :T± |f|=0}. 

The union K = K + UK~ is the full null cone; we say that a vector X G R 1+3 is null 
if it belongs to K. The geometry of interactions of null cones plays a fundamental 
role in the analysis of the system (1.29). 

For N,L > 1, r, 7 > and w e § 2 . where S 2 C R 3 is the unit sphere, define 

(2.8) r 7 H = {£GM 3 :^)< 7 } 

(2.9) T r H = {£GM 3 : \P u ±£\<r}, 

(2.10) 4, £ = {(^)6» 1+3 ' (£>~^ (r±|f|)~L}, 

(2.11) 4,x, T , u = {(^)el 1+3 : (e>~tf, ±£er», (T±|f|)~L}, 

(2.12) i/ d H = {(r,0GM 1+3 : |r + £ • w| < d} , 

where P^± denotes the projection onto the orthogonal complement uj 1 - of ui in R 3 . 
Thus, r 7 (o>) is a conical sector around u>, T r (uj) is a tube of radius comparable 
to r around Ru>, L and L u consist of pieces of thickened null cones, and 
H d (uj) is an 0(d)-thickening of the null hyperplane r + £ • u = 0. Implicit absolute 
constants are used to make the notation more flexible. 
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Clearly, 

(2.13) K N,L„,u C R x T Ni (lo). 
We also claim that 

(2-14) K N,L,y,u> C ff max(L ,A r 7 2 )( w )- 

Indeed, if (r, £) G L w , then r + £ ■ w equals 

(r ± If I) - Mfl -«■«)- 0(1) - = O(L) + O(N-f), 

where we used the fact that 0(±£, us) < 7 < 1, hence ±£ ■ u> > 0. 

2.7. Angular decompositions. Given 7 S (0, %] and a; S S 2 , define r 7 (u) as 
in (2.8). For the purpose of decomposing K 3 into such sectors without too much 
overlap, let 0(7) be a maximal 7-separated subset of the unit sphere S 2 . Then 

(2-15) 1< ]T Xr^)(C)<5 2 (V^O), 

where the left inequality holds by the maximality of ^(7), and the right inequality 
by the 7-separation, since the latter implies (we omit the proof): 

Lemma 2.2. For k E N and ui € § 2 , # {uj 1 E fi( 7 ) : 8(lu',uj) < fc 7 } < (2k + l) 2 . 

The following will be used for angular decomposition in bilinear estimates. 

Lemma 2.3. We have 

(Ci)Xr.(o. 2 )(6), 

0<7<1 ui,u 2 ef!h) 
7 dyadic 37<S(ui ,u 2 )<127 

/or a// £1, 6 GK 3 \{0} with 6(^,(2) > 0. 

We omit the straightforward proof. The condition 6{ui\, u>2) > 3j implies that 
the minimum angle between vectors in r 7 (ui) and T 7 (w2) is greater than or equal 
to 7, so the sectors are well-separated. If separation is not needed, the following 
variation may be preferable (again, we skip the easy proof): 

Lemma 2.4. For any < 7 < 1 and k E N, 

X0(£i,6O<k7(£i'£2) < X] Xr 7 (u;i)(£i)Xr 7 (w 2 )(£2), 

9(u 1 ,w 2 )<(fc+2)7 

for all a, 6 GK 3 \{0}. 

2.8. Dyadic decompositions. Later we shall bound certain multilinear integral 
forms in terms of the norms (1.30), and we will use an index j to number the 
functions appearing in the multilinear forms. We rely on a dyadic decomposition 
based on the size of the weights in (1.30). Throughout, TV's and L's (indexed 
by j) will denote dyadic numbers greater than or equal to one, i.e., they are of 
the form 2 m for some nonnegative integer m. We then assign sizes (£) ~ N and 
(r ± ~ L to the weights in the norm (1.30), and again this will be indexed by 
j. We call the TV's and the L's elliptic and hyperbolic weights, respectively To 
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have a uniform notation, we shall assume throughout that the F's are arbitrary 
nonnegative functions in L 2 (IR 1+3 ), and that the it's are given by 

(2.16) u(X) = Xk ± (X)F(X) (X = (r, G M 1+3 , F £ L 2 (M 1+3 ), F > 0), 

all of which is indexed by j. Often we also use angular decompositions, and for this 
we use the shorthand, for 7 > and u £ S 2 , 



(2.17) u 7 ' w = P± fe r 7 Mti ( = X^ ^J , 

where everything except 7 is subject to indexation by j (7 is excepted because it 
relates two different j's, as in Lemmas 2.3 and 2.4). Then by (2.15), 

1/2 

(2-18) ||»|| ~ I £ I 

\«en( 7 ) 

Finally, we note the following fact, which is used to sum a>i,W2 in an angularly 
decomposed bilinear estimate: If 7 > 0, then 

E ii«riii«r a ii < ( E iK wl ii a ) f E ii^ 2 ii 2 ) 

(2.19) iii 1 ,w 2 ef2(7) \wi,w2 / \wi,w2 / 

6>(c; 1 ,aj2)<7 

<IKIIIKII- 

Here we applied the Cauchy-Schwarz inequality, then Lemma 2.2 and (2.18). 

3. Main estimates, duality and time cut-off 
We shall iterate the Maxwell-Dirac-Lorenz system (1.29) in the spaces 

^ g ^,1/2+e^ 

where e > is sufficiently small, and < T < 1 will depend on the data norm 

(3.1) I = ||(V>o,Eo,Bo)|| i? 3 XH s-i/2 X .H- s -i/2 ■ 

By a standard argument (see [3]) the problem of obtaining closed estimates for the 
iterates reduces to proving the nonlinear estimates 

(3.2) ||n ±2 (4 om -^n ±1 v.i)|| xi ,- 1/2+2E(ST) < cio HiM x ..i/*+. (St) . 

3 

(3.3) ||n ±4 jV(n ±1 Vi,n ±2 V'2,n ± 3V'3)|| x »,-v2+^ (ST) < c JJ ||^|| xS ,i/2+ e(Sr) , 

where C — C S:E . By a standard argument, it suffices to prove these without the 
restriction to St, for all rpj £ S(M. 1+3 ), and of course we can insert a smooth time 
cut-off p : K. -> [0, 1] with p{t) = 1 for |i| < 1 and p(t) = for \t\ > 2. 

Using also the fact that the dual of X± 1 / 2+2e is X^' 1 ^ 2 2e , we then reduce 
(3.2) and (3.3) to the respective integral estimates 

(3.4) l/^ 2 j < C s , £ Jo ||^i|| x »,i/ 2 +e ||^|| x -.,i /a - a . , 

±1 ±2 

(3.5) I J^'-'^l < C,, e ||Vl|L..i/a+. |L..i/a+. H-03 |L«,i/2+e 



Y^j-/^tt 1 1 a 1 1 B t - 1 - / ^ t s. || 1 1 v" B t - 1 - / ^ t =■ HVftHv 
±1 ±2 ±3 



-3,1/2-26 
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where 

(3.6) J* 1 '* 2 = II pAf m - (c^IIi^IIi^) dtdx, 



(3.7) J±i.-.±*= // P D- 1 (afn ±1 V'i,n ±2 V'2)-(a Ai n ± 3 t /'3,n ±4 ^4) dtdx, 



and the ipj € <S(M 1+3 ) are C 4 -valued. 

The time cut-off p is included in order to smooth out a singularity in the operator 
□ appearing in TV. In fact, the following holds (see [10]): 

Lemma 3.1. Given G € iS(IR 1+3 ), set u = D~ 1 G. Then u = u+ — U-, where 
Moreover, multiplying by the time cut-off and taking Fourier transform also in time, 

«(•■•<»- £ s £^ s C.o*'. 

w/iere 

r'±|C| 

ofid p(t) denotes the Fourier transform of p(t). 

We focus first on the quadrilinear estimate (3.5), which is by far the most difficult 
of the two. The trilinear estimate (3.4) is proved at the end of the paper. 
Write 

si = s 2 = s 3 = s, s 4 = -s, hi = b 2 = b 3 = i + e, 6 4 = ^ - 2e, 

where Zj : R 1+3 -> C 4 is measurable, |^| = 1 and G L 2 (M 1+3) , > 0. Applying 
Plancherel's theorem, Lemma 3.1 and (2.1) to (3.7), we see that it is enough to prove 
(3.5) for 

k± ( t ,Tq;£ ) 91234 rij=i F j( x j 

where 

(3.9) S = (±o,± 1 ,± 2 ,± 3 ,± 4 ), 

(3.10) A^ = (r^ ), X = (to,^o), ^i = (rj,^), j = l,...,4, 



(3.8) J s = ^^ "'^ • r J4i1 ^ ^ ^ dp}-, dpf B dr dr' d^ , 



(3.11) e . = ±i |L G §^ ( J = ,...,4), 

(3.12) g 1234 = (a Al n( ei )z 1 (X 1 ),n( e2 )z 2 (X 2 )>(a Ai n( e 3)z3(^3),n(e 4 )z4(A 4 )>. 

Note the implicit summation over = 0, 1, 2, 3 in (3.12). The convolution measures 
dp 1 ^, ,dpx Q are defined as in (2.1), hence, in (3.8), 

(3.13) Xq^X 1 — X 2 , Xq = X± — X3, 

(3.14) To = Tl-T 2 , To = r 4 -T3, £ Q = £ x - £ 2 = £ 4 - £3. 
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We may restrict the integration in (3.8) to the region where £j ^ for j = 0, . . . , 4, 
hence the unit vectors ej are well-defined, as are the angles 

(3.15) 6 jk = 0(e j ,e k ) = 6(±jS j ,±ktk) (j, A; = 0, ... ,4), 

which play a key role in our analysis. 

The part of (3.8) corresponding to |£o| < 1 is easy to treat (see section 10.2), 
so for the moment we shall restrict to |£o| > 1, hence we replace the weight |£o| in 
(3.8) by (£o)- Now assign dyadic sizes to the weights in (3.8) (recall the convention 
that iV's and L's are dyadic numbers greater than or equal to one) 

(tS± |£o|>~£o, (tj ±j 101) ~ L jt (fc>~^ (j = 0,...,4), 
and define 

N=(N ,..., N 4 ), L = (L , L' , L x , ... , L 4 ). 

We will use the shorthand 

= mm(N ,N u N 2 ), N^ x = max(7V ,N U N 2 ), 

and similarly for the L's and for other index sets than 012. In particular, an index 
0' will refer to L' , so 

£min 2 = ram(L' Q ,L 1 ,L 2 ) 

and 

L mm = min(L ,io), 

for example. In the case of a three-index such as 0'12 we also let L^ed denote the 
median. 

By (3.14), £ = £i - 6 in (3.8), so by the triangle inequality, Nj < N k + N t for 
all permutations (j, k, I) of (0, 1,2), hence one of the following must hold: 

(3.16a) N <Ni~N 2 ("low output"), 

(3. 16b) N ~ NZ X > N^ n ( "high output" ) , 

and similarly for the index 034. In view of (3.16), ~ and 

(3-17) CC ~ N N% n , 

and similarly for the index 034. 

We now pull out the dyadic weights in (3.8), using the fact that 

(3-18) k±(t ,t ;^ ) < it T'Mli — ' 

where 



(3-19) °L , L dr) = 



To prove (3.18) we note that 

(3.20) r - = (r ± ICol) - (r ±o | Co I ) , 

and apply the following with p = tq ±q |£o|, q = tq — Tq\ 
Lemma 3.2. For any M £ N, 




(3.21) 



p(p) - p(q) 



p-q 



< Cm 



(p- q)mm((p),(q)) M ' 
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Proof. Since pis a Schwartz function, < Cm(t)~ ai . This immediately implies 

(3.21) if \p— q\ > 1. If, on the other hand, \p— q\ < 1, then (p — q) ~ 1 and (p) ~ (q). 
and using |p'(r)| < Cm(t)~ m we get 



pip) - p(q) 






p-q 




I 



p'(q + \(p-q))d\ 



, Cm Cm 

< SU P T , w „ < 



By (3.8) and (3.18), 
(3.22) |J S |<E 



o<A<i<? + A(p- 9 )) M ~ 

□ 



iV (L L[ ) )i/2(Ar 1 Ar 2 Ar3),( LljL2L3 )i/2+ £L i/2-2e' 



JV,i J "UV^U^o; V Iy liV2iv a/ / V ^i^ 2 ^3; ' ^4 

where 



(3.23) Jh L 



\qi234\o- Lo ,L' (TQ-To)x K ±o (X )X K ±0 (Xq) 

J ° "0,10 N ,L' 

x u ; T(Xi)uJ(X2)w^(X3)^(X4) dfi^ dn 4 x dr dr' d£, , 



with notation as in (2.10) and (2.16) (indexed by 1,2,3,4). 

Note that the ipj do not appear explicitly in (3.23). In fact, from now on we can 
let the Fj be arbitrary, nonnegative L 2 -functions and the Zj arbitrary measurable 



C 4 -valued functions with \zj\ — 1. 

We have now reduced (3.5) to proving estimates for Jj^ L . These should of 
course be independent of s and e, so we would like to have the estimate which 
exactly balances the weights in (3.22) when s = e = 0: 

(3.24) J% L < (Ar 2 L L / L 1 L 2J L 3 L 4 ) 1/2 |M| ||ua|| ||u 3 || ||h 4 || . 

In fact, this holds in almost all the interactions, but for a certain case we have only 
been able to prove it up to a factor log(L ) on the right hand side. 
We have the following result: 

Theorem 3.1. The following estimate holds for all combinations of signs: 

(3.25) J% >L < (JV 2 J L ^L 1 L 2 L 3 L 4 ) 1/2 log(io) HII Ml hall IMI ■ 

The proof of this theorem takes up a large part of the paper (sections 5-9). The 
logarithmic loss can likely be removed, but for our purposes it is harmless, since we 
assume s, e > 0; once Theorem 3.1 has been proved, the main quadrilinear estimate 
(3.5) follows by a straightforward summation argument. 

For later use we define the operator T L ° L , by 

(3.26) T l °,l' F ( t °> &) - / 4° 0< l> (to, t , ^)F{r' Q , ft) dr , 
where 



( 3 - 27 ) a t, L >M^) = 



(L L )i/2 otherwise. 
Lemma 3.3. llT* ^!! < \\F\\ for F G L 2 (R 1+3 ). 
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Proof. By duality, this is equivalent to 



(3.28) 



4° n u ( r o, t' q , £ )F(t^ £o)G(t , £ ) dr d^ d£ 



<\\F\\ \\G\\ 



If Lq ~ Lq, we use the Cauchy-Schwarz inequality with respect to the measure 
(r — tq)~ 2 cIto dr' g?£ i obtaining 



l.h.s.(3.28) < 



to 



jrxdTodTodZo 



1/2 



G 2 (r ,Co) 



jr^dro dTQ d£ 



If Lq <C L' or Lq <C Lq, then by the Cauchy-Schwarz inequality, 

1 



l.h.s.(3.28) < 



(3.29) 



(LqL> )V? 



XT ± \io\=0(Lo) F ( r 0, £,o)dT dTQ d^ 

Xt^± \^ \=o{l' )G 2 {t , £o)dT dr' d£ 



1/2 



1/2 



1/2 



□ 



In some situations we use the following variant of the last lemma: 

Lemma 3.4. Assume that Lq <C L' Q or L' <C Lq. Let u,u>' <E S 2 , c, c' € 
d,d' > 0. Assume that F,Ge L 2 (M 1+3 ) satisfy 

suppF C {(r ,e ) : r£ + £ ■ w' = d + O(d')} , 
suppG C {(t ,£ ): r + £_ -uj = c+0(d)} . 



Then 



L L n ,L, 



>F\\ < 



1/2 



IFII 



T l °,l^(to, Co)G(t , Co) rfr d£ 



< 



dd 1 
LqLL 



1/2 



\F\\\\G\\. 



Proof. Replace x^± |e |=O(i' Q ) in (3-29) by X^+?o^'=c+o(d') to g et the first esti- 
mate above. To get the second estimate we replace also Xt ± \£ \=o(l ) m (3.29) 

by Xr„+^ -u=c+O(d)- □ 

4. Bilinear null structure: A review 

Since bilinear L 2 estimates for the spaces X± b are well understood, it is natural 
to try to reduce (3.24) directly to such estimates by applying the Cauchy-Schwarz 
inequality in the most obvious way. This approach fails, but it is worthwhile to go 
through the argument, since it leads us to the quadrilinear null structure. 



Given a bounded, measurable a 



pl+3 



5l+3 



we define the bilinear 



operator ^8 a (ui,u 2 ) by inserting a(Xi,X 2 ) in the convolution integral (2.1): 



(4.1) 



T^ a {u l ,u 2 ){X ) = / a{X 1 ,X 2 )^{X 1 )^{X 2 )d f x 1 £ 



Given signs ±o,±i,±2, we say that the bilinear interaction (Xq, X\, X 2 ) is null if 
the hyperbolic weights 



(4.2) 



^=r :i tjK/ 0=0,1,2) 



16 



P. D'ANCONA, D. FOSCHI, AND S. SELBERG 



all vanish. This is dangerous, since we then get no help from the hyperbolic weights 
in the integral (3.8) (there we actually have two bilinear interactions, and the worst 
case would be when both are null simultaneously). 

In the bilinear null interaction, Xq, X\, X 2 are all null, and since Xq = X\ — X 2l 
it is clear geometrically that they must be collinear (otherwise Xq could not end 
up lying on the null cone). Therefore, the angle 9i 2 = 0(±i£i,±2£ 2 ) must vanish. 
It is therefore not surprising that if a(X 1 ,X 2 ) = 0(612), then we have better L 2 
estimates for ^B a {u\,u 2 ) than for a generic product like uiu^. 

In fact, the following holds (we prove this below): 

Theorem 4.1. If the symbol a satisfies a(X\,X 2 ) = 0(9± 2 ), then with notation as 
in (2.16) (indexed by 1,2), 

< (at A^ 2 ) 1/2 IM |M • 

This estimate fails to hold for a generic product like u\u~2. 

Now compare Theorem 4.1 with the estimate (3.24) that we want to prove. Let 
us for simplicity replace ol q ,l' {tq ~ T o) by S(tq — Tq), so that Tq = To and Lq = L Q . 
Clearly, if we could estimate the absolute value of the symbol (71234 by a product 

(4.3) a 12 (X 1 ,X 2 )a 3i (X 3 ,X i ) 
such that 

(4.4) a 12 (X 1 ,X 2 ) = 0(9 12 ) a 34 (X 3 , X 4 ) = O(0 34 ), 

where #12, #34 are defined as in (3.15), then we could apply the Cauchy-Schwarz 
inequality in (3.23), and deduce (3.24) from Theorem 4.1. 

Let us sec if this works. Clearly, the absolute value of the symbol 91234 is bounded 
by the sum over /i = 0, 1, 2, 3 of the terms (4.3) with 

a 12 (X u X 2 ) = \(cx^U(e 1 )z 1 (X 1 ),U(e 2 )z 2 (X 2 ))\, 
a M (X 3 , Xi) = |( a fl U{e a )z a (X 3 ),n{e i )z i {X i ) > | ■ 

But these symbols fail to satisfy (4.4) (take /i = and recall that a = Lix 4 )- 

This is not quite the end of the story, however. Let us see what happens for 
/1 = 1,2,3. Then we can use the commutation identity 

(4.5) a j Il(e) =U(-e)a 3 +en ixi (j = 1, 2, 3; e e § 2 ). 

If it were not for the remainder term e^I^x^, we could apply the following: 
Lemma 4.1. Let 7 be a 4 x 4 matrix. A sufficient condition for the symbol 

oq 2 (X u X 2 ) - |( 7 n(ei)zi(Xi),n( e2 )z2(^2)>| 
to satisfy (4.4), is that 

(4.6) 7 n(0=n(-07 (V£eM 3 ). 

Proof. By (1.26), (1.27) and (4.6), 

|(7lI(ei)zi,II(e 2 )z 2 )| = |( n(e 2 )II(-ei)7zi, z 2 )\ < 6{e u e 2 )|7-zilN, 



P„± Q5 CT (ui,u 2 ) 



so (4.4) follows, since \zi \ — \z 2 \ = 1. 



□ 
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For the simpler Dirac-Klein-Gordon system (D-K-G), the analogue of (3.5) is 
obtained by replacing the ot's in (3.7) by (3, which does satisfy (4.6). This was used 
in [3] to prove almost optimal local well-posedness for D-K-G in 3D. (Essentially 
this reduces to Theorem 4.1.) 

For M-D, the part of (3.7) which corresponds to the sum over n = 1,2,3, and 
which does not take into account the remainder term in (4.5), can be treated in 
the same way as D-K-G. The crucial point, however, is that the remainder term 
can be combined with the term corresponding to fj, = in (3.7), to produce a 
more complicated null structure, which is not bilinear, but quadrilinear; see section 
5. In view of this, we cannot just rely on standard L 2 bilinear estimates such as 
Theorem 4.1, although these certainly play an important role. In addition, we will 
use a number of modified bilinear estimates proved by the third author in [13]. 
These estimates are recalled in section 6. 

To end this section, we recall the standard L 2 bilinear estimates of the form 



(4.7) P„± (uiifc) 

"o- L o 



<c\\ui\\ |K| 



We have the following: 



Theorem 4.2. With notation as in (2.16) (indexed by 1,2), the estimate (4.7) 
holds with 

(4-8) C~(N°£N% a L 1 L a ) 1/a , 

(4.9) C~ {N^N^LoL^ 2 (j = 1,2), 

(4-10) C~(N N% n L™L™) 1/2 , 

(4.H) C~((N™fL^ 2 n ) 1/2 , 

for any choice of signs ±o,±i,±2. 

Proof. By a standard argument (see, for example, [3, Lemmas 3 and 4]), (4.8) 
follows from the analogous estimates for two solutions of the homogeneous wave 
equation, proved in [4, Theorem 12.1]. Alternatively, see [13] for a short, direct 
proof of (4.8). By duality, (4.9) follows from (4.8). Combining (4.8) and (4.9), and 
recalling (3.17), we then get (4.10). Finally, via the Cauchy-Schwarz inequality, 

(4.11) reduces to a trivial volume estimate; see [14, Eq. (37)]. □ 

It is now easy to prove Theorem 4.1. The only other ingredient needed is the 
following more or less standard result, which generalizes the observation, made 
above, that the angle 612 must vanish in the null interaction. 

Lemma 4.2. Consider a bilinear interaction (Xq, X±, X2), with ^ 7^ for j = 1,2. 
Given signs (±0, ±1, ±2), define the hyperbolic weights as in (4.2), and define the 
angle #12 = 0(±i£i, ±262)- Then 

(4.12) max (|&o|, |f)i|, M) > minflal, |fc|) 6\ 2 . 
Moreover, if 

(4.13) |£o| « 161 and ±^±2, 
then 

(4.14) flu ~1 and max (|f> |, |*hl, M) > min (|&|, |&|) , 
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whereas if (4.13) does not hold, then 
(4.15) max(lf)ol,lthl,M)> ^.ff 12 . 

See [13] for a proof. 

We can now prove Theorem 4.1. By Lemma 4.2, 12 < (L^JN^) 1 ' 2 , hence 

r012 \ !/ 2 



(4.16) 

< 



^012 \ V 2 



iV 12 

mm 



(^0^ n ^iMcd) 1/2 |l«l|llh2||, 



where we used (4.10) from Theorem 4.2 to get the last inequality. Simplifying, we 
get Theorem 4.1. 

We remark that Theorem 4.2 is related to the so-called null form estimates first 
investigated in [7], and subsequently in numerous other papers by various authors; 
see [4] for a survey. For this reason, we call 23g 12 a null form. 

Later, we shall also use the related null form 58g corresponding to a product 
without conjugation. Let us write out both definitions here for easy reference: 

(4.17) JT8fl ia (u 1 ,u 2 )(X ) = J 0(± 1 ^,± 2 ^ 2 )ui(X 1 )^(X 2 )d^ o , 

(4.18) T% 12 { Ull u 2 ){X ) = f 9(± 1 ^,± 2 ( 2 )ui(X 1 )^{X 2 )d^ , 
with notation as in (2.1) and (2.3). 

5. QUADRILINEAR NULL STRUCTURE IN MAXWELL-DlRAC 

Consider the symbol 

91234 = (a M n(ei)zi,n(e2)z2)(a M n(e3)z3,n(e4)24), 

appearing in (3.23). Here e±, . . . ,64 eR 3 and Z\, . . . , z 4 G C 4 are unit vectors. The 
null structure will be expressed in terms of the angles 

Ojk = d{e.j,e k ), 

six of which are distinct. We shall refer to the index pairs 12 and 34 as the internal 
pairs, and the angles 612 and #34 as the internal angles. Angles between vectors 
from different internal pairs are then called external angles. So the external angles 
are $13, #14, #23 and #24- Let us denote their minimum by 

(5.1) (j) = min{6> 13 ,6>i4, 6» 23 , 6> 24 } • 
Lemma 5.1. With notation as above, 

(5.2) |g 12 3 4 | < 1 2 034 + </>max((9i2, 34 ) + 4> 2 , 
for all unit vectors ei, . . . , G M 3 and zi,...,Zi G C 4 . 

Proof. By idempotency we may replace Zj in 51234 by z'j — Ti{e.j)Zj, for j = 1, . . . ,4. 
We do this for notational convenience, the advantage being that 

(5.3) 4=n( ei )^ (j = l,...,4). 
Note also that \z'j\ < \zj \ = 1. 
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Let us first assume cj> — 9i 3 . Apply (4.5) in 91234, and make use of (5.3) and 
the identities (1.25)— (1.26). Note the implicit summation in 91234, and recall that 
c*o = — <*° = -?4x4- We thus get 



where 



91234 = A + B + C + D, 

A=(e x -e 3 - 1)(4,4)(4>4)> 

B = (U(-e 1 )a j z[,z 2 )(II{-e 3 )a j z' 3 ,z' i ), 

C=(e{z' 11 z' 2 )(U(-e 3 ) aj z' 3 ,z' A ), 

£» = (n(-e 1 )a i 4,4)<ei4,4). 

Here ej are the coordinates of e\, and we implicitly sum over j — 1, 2, 3. 
Clearly 

(5.4) |A|<|l-cos0 13 |<^ 3 . 
By (5.3) and (1.27), 

(5.5) \B\ < 9 12 9 M . 
Using (1.25) we write C = C\ — C 2 , where 

c 1 = <4 ! 4)(n(- e3 )n(e 1 )4 ! 4), 
c 2 = (4,4)(n(- e3 )n(-e 1 )4 ) 4). 

By (1.26) and (1.27), 

|Ci| < Kn(- e 3)n(e 1 )4 ) n(- e3 )n(e4)4)l < o 13 e M , 
\c 2 \ < Kn(- ei )n(e3)4,n(-e3)n(e 4 )4)| <e 13 e 34 , 

hence 



(5-6) \C\ - c/isc 



< 

By symmetry with C 



(5.7) \D\ < 013012. 

Combining (5.4)-(5.7) gives I91234I < #12#34 + 6>i3#i2 + 0136*34 + 9\ 3 , which proves 
the lemma under the assumption 4> = 9i 3 . To remove that assumption, we observe 
that 91234 can be written in four different ways, since the a* 1 are hermitian: 

91234 = (a^n(eiK,n(e 2 )4)(a p n(e3)4,n(e4)4) 

= ( a"n( ei )4, n(e 2 )4 ) ( n(e 3 )4, a^n^K ) 
= ( n( ei )4, a' i n(e 2 )4 ) ( a^n(e 3 )4, n(e 4 )4 ) 
= ( n( ei )4, a"n(e 2 )4 > ( n(e 3 )4, a /i n(e 4 )4 ), 

and by the same argument as above, these expressions can be used to prove the 
lemma in the cases where the minimum cf> of the external angles is 9 X3 , $14, 6*23 or 
24 , respectively. □ 
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When we apply this lemma, it is natural to distinguish the cases 

(5.8) <£<min(0 12 ,0 34 ), 
(5.9) 
(5.10) 



min(0i2, #34) < 4> < max(0i2, 634), 
max(0i2, ^34) -C <j>, 



which imply, respectively, that the first, second or third term in (5.2) dominates. 

In certain situations, the last two cases can be treated simultaneously, by virtue 
of the following simplified version of Lemma 5.1. 

Lemma 5.2. In the cases (5.9) and (5.10), 

1 51234 1 ^5 013024- 

Proof. Note that in cases (5.9) and (5.10), 

(5.11) min(0i 2 ,034) « <t> < 0i 3 , 0u, 23 , &24- 

In case (5.10) the dominant term in (5.2) is <fi 2 , hence the lemma follows from (5.11). 
To handle case (5.9), note that by symmetry we may assume that #12 < 6*34- Then 
we claim that (5.11) implies 

(5.12) 



'13 



7 23j 



'14 



7 24- 



Granting this, we next notice that since we are in case (5.9), and since 6*12 < 6*34, 
the dominant term in (5.2) is (PO34, but $34 < #13 + $14 < max(0i 3 , #24) by (5.12), 
and <fi < niin(0i3, 6*24) by (5.11), so the lemma holds. 

It remains to prove (5.12). By the triangle inequality for distances on the unit 
sphere, 0i 3 < i2 + 023, and since #12 <C 0i 3 , it follows that 0i 3 < 2 3- Repeating 
this argument with the index 13 replaced by 23, 14 and 24, we get (5.12), so the 
claim is proved. This completes the proof of the lemma. □ 

Our general strategy is now to apply the Cauchy-Schwarz inequality in various 
ways to reduce (3.24) to bilinear I? estimates. The standard estimates suffice in 
the particularly easy case (5.8), which we dispose of straight away: The term 012034 
then dominates in (5.2), hence, with notation as in (4.17), 



(5.13) 



7^ < 

J N,L ^ 



< 



T r ±0 r ,^P„± 

Lo,L K 



58e 12 (ui,u 2 ) 



P K ± < Be 12 (ui,u 2 ) 



P K ±o 



^34(^3,^4) 



P K ±0 Se 34 (u3,M4) 



< (7V L L 1 L 2 ) 1/2 (N L L 3 L 4 ) 1/2 \\ Ul \\ \\u 2 \\ \\u 3 \\ \\u 4 \\ , 



where we applied the Cauchy-Schwarz inequality, Lemma 3.3 and Theorem 4.1. 

This proves Theorem 3.1 in the case (5.8), so henceforth we assume that (5.9) or 
(5.10) holds. Then the standard L 2 bilinear estimates do not suffice. In addition 
we need a number of modified bilinear estimates proved by the third author in [13], 
which we recall in the next section. In section 7 we fill in some details about bilinear 
interactions, and then in sections 8 and 9 we finally prove Theorem 3.1. 



6. Additional bilinear estimates 

Here we recall a number of bilinear estimates proved in [13]. For more about the 
motivation behind these estimates, see [13]. 
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6.1. Anisotropic bilinear estimate. 

Theorem 6.1. Let ui € § 2 , / C K a compact interval. In addition to the usual 
assumption (2.16), assume now 

suppuj C {(t,£) : 6(J~ , oj ) > a} for some 0<a<l. 

Then 

\\P^ei(uiu 2 )\\ < ( |J| ^ Ll£ j K|| \\u 2 \\ . 
The same estimate holds for {[P^-u^iUx ■ u 2 \\ and \\ui ■ P^ 2 . u6 /M2||. 

Here uj- 1 C M 3 is the orthogonal complement of uj, and |/| is the length of /. 

6.2. Null form estimate with tube restricition. Recall that T r (uS) C R 3 , for 
r > and uj 6 § 2 , denotes a tube of radius comparable to r around Roj. Recall also 
the definition of the null forms in (4.17) and (4.18). 

Theorem 6.2. Let r > and u> € § 2 . TTien w«£/i notation as in (2.16), 

(6-1) \\T> 012 (P UxTrM Ui,u 2 )\\ < (r 2 L 1 L 2 ) 1 2 |K|| ||u 2 || • 

Moreover, the same estimate holds for 2Jg l2 . 

The key point here is that we are able to exploit concentration of the Fourier 
supports near a null ray, which is not possible for a standard product like uiu^. 

Remark 1. In [13], (6.1) is proved under the hypothesis that ~ Nj on the 
support of Uj, for j = 1,2, instead of ~ Nj, as we have here. This only makes 
as difference if N^ in ~ 1, however, but in that case, recalling also the standing 
assumption L\,L 2 > 1, (6.1) follows from 

1/2 

||PRxT r ( w )Ul " «2 || < -^min^mln) ll u lll ll u 2|| • 

This estimate is also proved in [13], but requires only |^ | < Nj for j = 1,2. 

Remark 2. In [13], (6.1) is proved for 2$g , but it is easy to see that this implies 
the same estimate for 2}# 12 . 

6.3. Concentration/nonconcentration null form estimate. In the following 
refinement of Theorem 6.2 we limit attention to interactions which are nearly null, 
by restricting the symbol in (4.17) and (4.18) to 6* 12 *C 1; we denote these modified 
null forms by Se 12 <gi and %$'e 12<v 

Theorem 6.3. Let r > 0, to G § 2 and Iq C M a compact interval. Assume that 
iVi, N 2 > 1 and tfiai 

(6.2) r « < 2 n . 

T/ien wzi/i notation as in (2.16), 

||PCo^e/o^ei2«i( P RxT r MUi,W2)|| < {r 2 L x L 2 ) 1/2 ^sup ||P Sl . we/l ui||^ ||u 2 || , 

where the supremum is over all translates I\ of Iq. The same holds for *8g 3< ^i- 

Here the condition A^, iV 2 ^ 1 serves to ensure that the spatial Fourier supports, 
given by the conditions (£,•) ~ Nj for j = 1, 2, do not degenerate to balls. 
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6.4. Nonconcentration low output estimate. The following result improves 
(4.10) in certain situations. 

Theorem 6.4. Assume N < iVi ~ N 2 , and define r = (NqL^J 1 / 2 . Then with 
notation as in (2.16), 

P K ±o (uiu 2 ) < (NfL°^ n L°^ d ) 1/2 \\ Ul \\ sup ||P KxTr M"2|| • 

N 0. L wG S2 

In fact, we do not use Theorem 6.4 as stated, but we use the main ideas from 
its proof, a key ingredient of which is the following partial orthogonality estimate 
for a family of thickened null hypcrplanes corresponding to a set of well-separated 
directions on the unit sphere. 

Lemma 6.1. Suppose N,d > 0, ojq £ § 2 and < 7 < 7' < 1. The estimate 

u>en(y) 1 ' 

holds for all (r,0 S R 1+3 with |f| ~ N. 

6.5. Null form estimate with ball restriction. In the following analogue of 
Theorem 6.2, the tube is replaced by a ball. Then the symbol 612 in (4.17) and 
(4.18) can be replaced by v / #i2> defining 25^^ and 2}'^—. 

Theorem 6.5. Let r > 0, and let BcK 3 be a ball of radius r and arbitrary center. 
Then with notation as in (2.16), 

||Pr*bBv9i>i> u 2)II ~ (r 2 £i£ 2 ) 1/2 IMIKI|. 

The same holds i/Pixfl is placed in front of either u\ or u 2 , instead of outside the 
product. Moreover, the same estimates hold for 05' « — 



7. Some properties of bilinear interactions 

Here we fill in some details about the bilinear interaction Xq = X\ — X 2 , where 
Xj = (rj,£j). Given signs (± ,±i,± 2 ), we define the hyperbolic weights \)j as in 
(4.2), and we assume £j ^ for j = 0, 1,2, so that the unit vectors ej and the 
angles 6jk are well-defined, as in (3.11) and (3.15). 

In Lemma 4.2 we related the angle 9 12 to the size of the hyperbolic weights \)j 
and the elliptic weights The sign ±0 was arbitrary, but by keeping track of the 
sign ±0 we can get additional information. In fact, since To = t\ — t 2 , 

(7.1) f)0 - f)l + f)2 = ±0M - ±l|6l ±2 

so by (2.5), (2.6) and the fact that £0 = £1 — £2, we get the information in Table 1. 
From this table we see that for certain bilinear interactions, 

(7-2) max(|f) |,|f)i|,|()2|)>|£o|, 

which is good because it excludes the null interaction. In general, (7.2) holds if ± 
is different from the following sign: 
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(± ,±l,± 2 ) = 


M + |(hl + M > 


(+,+,+) or (-,-,-) 


|6| + 161 -|Ci|~min(|&|, 161)^2 


(-,+,+) or (+,-,-) 


161 + 161 -N~min(|e |,|al)^i 


(+,+,-) or (-,-,+) 


161 + 161 + 161 


(-,+,-) or (+,-,+) 


161 + 161-161-^(1^1,161)^2 



Table 1. Estimates for the bilinear interaction. 



Definition 2. We define the sign, depending on (±i,±2) and (|£i|, |6I), 
f+ if (± l5 ± 2 ) = (+,+) and 1^1 > |6|, 

±12 = < if (±i,± 2 ) - (+,+) and 1^1 < |6|, 

[+ if (±i,±a) = (+,-)■ 

The definitions in the remaining cases (±i, ±2) = (— , — ), (— , +) are then obtained 
by reversing all three signs ± 12 ,±i,±2 above. 

As remarked already we then have, by the above table: 

Lemma 7.1. If ±0 ^ ±12, then (7.2) holds. 

Now consider the case of equal signs. The possible interactions are illustrated in 
Figures 1 and 2. From the sine rule we obtain: 

Lemma 7.2. If ±0 = ±12, then 

(7*\ rr^ffl ft \ min (l6U6l) ■ g 

{(.6) mm (foi, V02) ~ rr-j SU1W12. 

l?o| 

Moreover, if ±0 = +12 and ±1 ^ ± 2 , then 

(7.4) max (0oi, M ~ 012- 

Proof. It suffices to consider the cases (±1, ± 2 ) = (+, +), (+, — ). In both cases, the 
law of sines yields (see Figures 1 and 2) 

(7.5) |6| sin foH&l sin 0oi, 

(7.6) |6I sin 012 = 161 sin O2 - 
Now we claim that 

(7.7) min (0oi,0o2) = 



if 161 > 161 
if 161 < 161 



and 

(7.8) O<min(0 ol ,0 O2 )<|. 

Clearly, (7.5)-(7.8) imply (7.3), so it remains to prove the claim. 

First, assume that (±i,± 2 ) = (+,+). If |£i| > |£ 2 |, then from Figure 1(a) we 
see that O2 = 0oi + #12 an d 0oi € [0, tt/2], whereas if |£i| < |£ 2 |, then as in Figure 
1(b) we have O1 = O2 + 12 and O2 € [0,tt/2]. Thus, (7.7) and (7.8) hold. 
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(a) |6I > 161 and ± = ± 12 = + (b) \^\ < |&| and ± = ± 12 = - 

Figure 1. (±i,± 2 ) = (+,+) and ± = ±i 2 . 




FIGURE 2. (±i,± 2 ) = (+,-) and ± = ± i2 = +. Here 6 12 = 

#01 + #02- 

Second, consider (±x,± 2 ) = (+, — ). From Figure 2 we see that #i 2 = 9 i + 6 02 , 
so the minimum of 6*01 and #02 must belong to [0,7r/2], proving (7.8). If |£i| > 161, 
the minimum is #01, whereas if |6| < I6I> the minimum is #02, so (7.7) holds. Since 
#12 = #01 + #02, (7-4) is immediate. □ 

The following is reminiscent of (4.12) in Lemma 4.2. 
Lemma 7.3. For all signs, 

(7.9) max(|F, |,|F)i|,|^|)> |6| mm(0 O i, fe) 2 • 

Proof. If ±0 7^ ± 12 , (7.9) holds by Lemma 7.1, so we may assume ± = ± 12 , hence 
(7.3) is valid. We split into the cases 6> 12 <C 1 and 612 ~ 1. 
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If 6*i2 <C 1, Lemma 4.2 implies (4.15), and using also (7.3) we get 

\c I .,(. a n2 min(|6|,|6l) 2 2 min (|6|, |6|) max (|t) |, | Ej i U IM) 

161 max (161,161) 

so (7.9) holds. 

Next, assume #12 ~ 1. Then by (4.12) in Lemma 4.2, 

min(|6|,|6|)<max(|()oUf)i|,|[)2D, 
and combining this with (7.3) we get 

|6| min(# 01 ,M 2 < 161 rmn(6 01 ,e 02 ) < min(|6|, |6|) < max(|fj |, |t)i|, M) , 
so (7.9) again holds. □ 

Based on the previous lemmas we now prove the following. 
Lemma 7.4. If ±0 = ±12 and ±1 = ± 2; then 

(7.10) „ min (|6|, |6|, |6|)max(0oi,M 2 < max(|f) |, |^|, |f) 2 |) , 
|So I 

whereas if ± = ± 12 ond ±1 ^ ± 2 , i/ien 

(7.11) max (0oi, M ~ 012- 

Proof. The last statement was proved in Lemma 7.2, so we only prove (7.10). It 
suffices to consider (±i,± 2 ) = (+,+)• If |6| > |6|, then ±0 = ±12 = +, and by 
Table 1, 

max (|J,o|, |fli|, to 2 |) > 161 + 161 - |6| ~ min(|6|, 161) 2 02 , 

but also 

161161^2 
161 ' 

where we used (2.6). Combining these estimates, and noting that #01 < #02 by 

(7.7) , we get the desired estimate. The case |6I < 161 is treated similarly. □ 

8. Proof of the dyadic quadrilinear estimate, Part I 
Here we prove Theorem 3.1 under the assumption 

(8.1) L ~L' . 
By symmetry, we may assume 

(8.2) 12 < 34 , 
and 

(8.3) Li < L 2 , L 3 < U, 
We distinguish the cases 

(8.4a) L 2 < L' , 

(8.4b) L 4 < L , 

(8.4c) L 2 > L' , L A > L , 

each of which may be split further into the subcases (5.9) and (5.10) (recall that 

(5.8) has been completely dealt with). In each case it is of course understood that 
the region of integration in (3.23) is restricted accordingly. 



max (|{,ol, toil, N) > 161 + 161 - 161 = 161 - ||6I - 161 
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In view of (8.2), the cases (5.9), (5.10) simplify to 

(8.5a) 012«0<#34, (=> |«1234|<^34) 

(8.5b) 012<034«0, ( =^ kl234| < 2 ), 

where the symbol estimates on the right hold by Lemma 5.1. By Lemma 4.2, 

at rO'12 \ !/ 2N 



(8.6) e 12 < 7 = min^7*,^ J, for some < 7* « 1. 

In fact, here we can choose any < 7* -C 1 that we want, by adjusting the implicit 
constant in (5.8). By Lemma 4.2 we also have 

/ r034 \ !/ 2 

(8.7) #34 < V - ' max 



\ min 

Observe that, with notation as in (3.15) and (5.1), 

(8.8) <j> < min(6> 01 , #02) + min(6> 03 , 04 ), 
since 6jk < Ooj + #ofc- By Lemma 7.3, 

/ r0'12 \ !/ 2 / r034 \ V 2 

(8.9) mia(0oi,0oa) < ( , min(fl 03 , <? 04 ) < f J • 
To simplify, we introduce the shorthand 

(8.10) "0'12 = P^±o ("1U2) , W043 = P,f±o (M4U3) , 

N ,L' ^Nq.Lo 

with notation as in (2.16). We define ±12 and ±43 as in Definition 2, recalling that 
£0 = £1 — £2 = £4 — £3 by (3.14). Note the following important relations between 
the angles #12, #01, $02 in the low and high output interactions (recall (3.16)): 

(8.11) ± = ±12, 0i2 « 1, ^0 « N^N 2 9 i ~ 9 02 ~ -Iflta, 

i\ 

(8.12) ± = ± 12 , 12 « 1, iVi < iV ~ 7V 2 0i2 ~ 01 ~ -?0 O2 . 

iVi 

This follows by Lemma 7.2, (7.7) in the proof of that lemma, and Lemma 7.4. Note 
also that (8.11) can only happen if ±1 = ± 2 . Of course, (8.12) applies symmetrically 
when AT 2 < Nq ~ N±. Analogous estimates apply to the index 043. 

8.1. Case (8.4a). Then we can treat the cases (8.5a) and (8.5b) simultaneously by 
using Lemma 5.2 and pairing up u\ with u 3 , and u 2 with 114. After an angular 
decomposition we then apply the null form estimate with tube restriction. 

Discard the characteristic functions of K N ° Lg , K N ° L , in (3.23) (this is reason- 
able in view of (8.4a) and (8.1)), and estimate 191234! by Lemma 5.2. To achieve 
the desired pairing of the it's, we change the variables (tq,to,£o) m (3.23) to 

To = n + r 3 , f = t 2 + r 4 , £0 = £1 + £3 = £2 + £4- 

By (3.14) and (3.20), t' — r = t' q — r , so the symbol (3.27) is invariant under the 
change of variables: 

(8-13) a t°,L^o,T ,£ ) = a^, (fo,fo\£o). 
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Note that this relies on the assumption Lq ~ L' a . We conclude that 

(g u) Jn,l < J T Lo , L ^' e J Ul ,u 3 )(X ) ■ F<B' g Ju 2 ,u 4 )(X ) dX Q 

< II^Cu!,^)!! ||^ 24 ( W2 , U4 )||, 

where we used Lemma 3.3. 

The question is now how to estimate the last two factors in (8.14). Observe 
that there is no point in applying Lemma 4.2 with respect to the angles #i3,#24 ; 
since we know nothing about the associated f)o-weights. In other words, Theorem 
4.1 is not useful here. Instead, we use the upper bound (8.6) for #12. Although 
this angle does not explicitly appear in (8.14), it can still make its influence felt if 
we use Lemma 2.3 to angularly decompose (±i£i, ±2^2) before we use (8.14). The 
angular decomposition restricts the spatial Fourier supports to tubes, so we can 
apply Theorem 6.2. Let us turn to the details. 

Making use of the restriction (8.6), we apply Lemma 2.4 to the pair (±i£i, ±2^2), 
and then we use (8.14), thus obtaining 

(8.15) j-^ < £ p' 9 jur\u 3 )\\ \\% 2 Mr 2 ^)\\ , 

where the sum is over u>\,u)2 € ^(7) satisfying 6(oJi,u>2) % 7, and we use the 
notation (2.17) (indexed by 1,2, except for 7). Since the spatial frequency £j of 
uj' 1 is restricted to a tube of radius comparable to Njj about Mutj, we can apply 
Theorem 6.2 to (8.15). The result is 

J^, L <N 1 N 2l 2 (L 1 L 2 L 3 L 4 ) 1/2 J2 IK^IK^IIMIKI] 

(8.16) ">i.">2 

< N Q L' Q (UUUUf 12 \\u x \\ ||u 3 || |M| ||U4|| , 

where we summed Wi,cJ2 as in (2.19), and used the definition (8. 6) of 7, taking into 
account the assumption (8.4a). In view of (8.1), this proves (3.24). 
This concludes case (8.4a). 



8.2. Case (8.4b). If #34 -C 1, then we have the analogue of (8.6), so by symmetry 
the argument used for case (8.4a) above applies, with the roles of the indices 12 
and 34 reversed. 

It then remains to consider 6*34 ~ 1. Then N^ in < Lq, by Lemma 4.2. Moreover, 
we may assume L2 > L' , since the case L2 < L' Q was completely dealt with above. 
Now trivially estimate 1 31234] ^$ L Then with notation as in (8.10), 

J N,L ^ ll u 0'12|| ||W043|| 

< {NlL' L 1 ) 1/2 ({N^ n ?L,U) 1/2 \\ Ul \\ \\u 2 \\ \\uz\\ \\ Ui \\ 

< (NqLiL 2 ) 1 ^ 2 (Lgi a L 4 ) 1/a ||ui|| ||U2|| ||ua|| |K|] , 

where the first inequality holds by the Cauchy-Schwarz inequality and Lemma 3.3, 
the second by Theorem 4.2, and the third by the assumption L2 > L' and the fact 
that N^ D < L Q . In view of (8.1), this implies (3.24). 
This concludes the case (8.4b). 
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8.3. Case (8.4c). So far we were able to treat (8.5a) and (8.5b) simultaneously, 
but from now on we need to separate the two, and we further divide into subcases 
depending on which term dominates in the right hand side of (8.8): 

(8.17a) 6h2<0<#34, nuD.(0Qi,0 O 2) > min(6> 03 , (9 4), 

(8.17b) 612 < (j) < f 34 , min(6»oi, 9 Q2 ) < min(<9 03 , 9 04 ), 

(8.17c) 9 12 < 6» 34 < (f>, min(0 O i, O2 ) < min(0 O3 , O4 ), 

(8.17d) 0i2 < 34 < (f>, min(6» i, 02 ) > min(0 

03, 

Subcase (8.17b) is by far the most difficult, and will be split further into subcases. 

8.4. Case (8.4c), subcase (8.17a). Then by (8.5a) and (8.7)-(8.9), 



(8.18) | gi234 1 "r'.'.i 



hence 



£ 2 \V2 / r. \i/2 



Nn J \ N 34 

u / \ mir 



.19) 

< 



1/2 / r \ 1/2 



iv2 \ / L4 



Jn < l ~ [ w ) [m: ] IKl2 " l|U043 ' 



1/2 4 

where we used the Cauchy-Schwarz inequality, Lemma 3.3 and Theorem 4.2. 



iV min / „-_i 



8.5. Case (8.4c), subcase (8.17b). Then by (8.5a) and (8.7), 
(8.20) |gi 234 | < ^34 < min(0 O3 , O4 ) 



/ t \ 1/2 



\N 3i 

\ mi: 

so by (8.6) and Lemma 2.4, applied to the pair (±^,±2^2), 



N.L 



T \ I/ 2 



\ mir 



603 1 ii"* 1 L ,L'- tU 0'12 ' U 3 



U 4 



(8.21) J 
where 

(8.22) <;rr 2 =p*±a (^r 1 ^) 

and the sum is over lui, lu 2 € ^(7) with 9(loi,uj 2 ) < 7. Since the spatial Fourier 
support of uj' 3 is contained in a tube of radius comparable to Njj about Rojj, it 
follows that the spatial Fourier support of Ug,'^ 1 '" 2 is contained in a tube of radius 
comparable to A^ m 2 ax 7 around Msji. Therefore, by Theorem 6.2, Lemma 3.3 and 
Theorem 4.2, 



1/2 

/ T T s 1 /2 11 .„ , 

0'12 II H M 3|| ||«4| 



^< E h^H ^ 2 ax 7(ioi3) 1/2 ||^'- 

,,„ ,,,„ \ - /V mm / 



•23) < (^) 1/2 N^J§^) 1/ \L L 3 .N N^L' L 1 f 2 ^ 



\N 34 / max \iViA^ 

\ mm/ \ - 1 * i- 1 * ^ / i=l 

£ jJrNlLvL'^L^L, \{ \\u 3 \\ . 

\ min / .7=1 
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Here we summed u>i,uj 2 as in (2.19), in the second step we used the definition of 7 
from (8.6), recalling the assumption (8.4c), and in the last step we used (3.17). 

From (8.23) we get the desired estimate if No < N^ m , but also whenever we are 
able to gain an extra factor (N^^/Nq) 1 ^ 2 . In particular, this happens if ±0 ^ ±43, 
since then No < Lj^ by Lemma 7.1, so instead of (8.7) we can use the estimate 
#34 ?5 1 ^5 (L™ /iVo) 1 / 2 , thereby gaining the desired factor. 

Thus, we may assume ± — ±43. Moreover, we can assume ± = ±12, since if 
this fails to hold, then Lemma 7.1 implies No < £2, hence the argument in section 
8.4 applies. 

It remains to consider .ZV3 <C iVo ~ ^4 and N4 <C No ~ N 3 , but the case 
iV 3 < N ^ N 4 is easy: By (8.12) and (8.20), 

N 3 N 3 

(8.24) N 3 « iV ~ N4 604 < ^34, 003 ~ 034, |91234| < ^^34, 

hence we gain a factor N 3 /N in (8.23), which is more than enough. 

That leaves the interaction N4 <C Nq ~ N 3 , which is much harder; we split it 
further into No < N 2 and N2 <C No, treated in the next two sections. Recall also 
that ±0 = ±12 = ±34 by the above reductions, and that we are assuming (8.3), by 
symmetry. 

8.6. Case (8.4c), subcase (8.17b), ± = ±12 = ±43, AT 4 < N ~ N 3 , N a < N 2 . 
We can insert P|{ 4 |<at 4 in front of %$'q 03 in (8.23), and instead of Theorem 6.2 we then 
apply Theorem 6.3. Let us check that the hypotheses of the latter are satisfied. We 
have N 4 < N ~ N 3 , hence N , N 3 > 1 and 9 03 < 1 (by the analogue of (8.24)), 
so 5$0 O3 can be replaced by 55e 03 <i in (8.21). The hypothesis (6.2) translates to, in 
the present situation, 

(8.25) iV n \ 2 ax7 « No, 

where 7 is given by (8.6). 

But if (8.25) fails, then iV < iVi ~ N 2 , so by (8.6) we see that the failure of 

(8.25) is equivalent to No < L 2 , hence the argument in section 8.4 applies. 

Thus, we can assume (8.25), hence Theorem 6.3 applies, so in (8.23) we can 
replace ||uJ'" 2 1,W2 1| by 

sup||P ?D . Wl6J t$i 2 1 ' a ' 2 || , 

where the supremum is over all intervals I c M with length |/| = N4. But since 
7 < 1, Theorem 6.1 implies, via duality, 

(8.26) BiipllPfo^ejuSf^'^ll < (iV- 4 JVSL^£i) 1/a Ht*?'" 1 !! Il^ll • 

1 

Thus, in the second line of (8.23), the combination NoN^?L'oLi can be replaced 
by iV 4 iV° lln L Li, and since we are assuming N a < N 2 , this means that we gain the 
desired factor (N 4 /N ) 1/2 . 

8.7. Case (8.4c), subcase (8.17b), ± = ±12 = ±43, ^4 < N ~ N 3 , N 2 < N . 
To make the argument from the previous section work, we need to somehow gain 
a factor {N 2 /No) 1 ^ 2 ■ We shall apply an argument which essentially is the same as 
the one introduced in [13] to prove the result stated here as Theorem 6.4. 
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Let us first dispose of the easy case N 2 ~ 1. Then we simply estimate 

4 

(8-27) J% >L < \\u , 12 \\ \\u 043 \\ < (iV|iiL 2 • N*L L 3 ) 1/2 J[ \\ Uj \\ , 

j=i 

where we used Lemma 3.3 and Theorem 4.2. 

For the rest of this section we therefore assume 1 -C iVjj -C No ~ N\. This 
ensures that the region described by (£2) ~ N 2 does not degenerate to a ball. 

By (8.12) and (8.6), 

(8.28) 9x2 ~ 2 ~ ^01, hence O1 < a = 7. 

iV 2 iV(j 

Now modify (8.21) by applying Lemma 2.4 again, this time to (± £o,±i£i): 



.») «,sEE(|) 

/,).-, -.1' ,1' v 7 



1/2 



P |«4l<A f 4 ?S So3<l 



r^±n -r 1 L ,L'o °' 12 ' 3 



U 4 



where the second sum is over uiq,u)[ € 0(a) satisfying 0(wq,£l4) < a, and 
(8.30) 



M 0'12 



P±o«oer Q K)P x ±o K ttj J 



.31) 



iiSier^K)"! 



,7>"l 



Observe that the spatial Fourier support of (8.30) is contained in a tube of radius 
comparable to Nga ~ -/V27 around Rluq\ this tube is much thinner than the one 
for (8.22), which is of radius comparable to 7V17 around RcJi, hence we gain a 
factor N 2 /Nq when we apply Theorem 6.3, compared to our estimates in section 
8.6. On the other hand, we now have the additional sum over uj'q,^. To come out 
on top, we have to make sure that this sum does not cost us more than a factor 
(-/V0/-/V2) 1 / 2 ; this requires some orthogonality, which is supplied by the following 
crucial information, to be fed into Lemma 6.1. 

As in (3.13), let (Xq, Xi, X 2 ) denote the bilinear interaction for (8.30), so that 
X' = X 1 ~X 2 . By (2.14), 

A € ^max(i^JVQa 2 )( w i)) %1 <= #max(Zi ,N a 2 ) (^1 ) > 

where the latter relies on the assumption Q^loq,^) < a. Therefore, 

(8.32) X 2 = X l - X' a e H d (u[), where d = max(L^ x , N a 2 ) , 

so we can insert Pjj^u^) m front of u^ 2 in (8.30). 

With this information in hand, we estimate (8.29). Apply Theorem 6.3, recalling 
the crucial fact that the tube radius is now N 2 ^f. Repeating also the argument from 
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.33) 



< 



section 8.6, but now with u^ 2 replaced by P H d (ui' 1 ) u 2 ,u ' 2 > we S e t 
Jn,l < (^) V2 ' N 2l (L L 3 ) 1/2 (AW4^i) 1/2 

E\ ^ II ;a.cji 1 1 1 1 -n "Y.u/? II II II II II 

2^ IK' ' II ll p ^K) u 2 || IMHMI 

u ) 1/2 N2 {%) 1/2 (ioi3)1/2 (wwo 1/2 
x £ v^oiK^iiikniii^iiii^n, 

where 

(8.34) B(w 1 )= sup Y, XH d (^)(r,0 

c^),iei-iv 2 w , Gn(a) 

The second inequality in (8.33) was obtained by the Cauchy-Schwarz inequality, 
and we used also Lemma (2.2) and (2.18). 
If we can prove that 

(8.35) sup B(w) < ^, 

then summing uji,uj 2 as in (2.19) we get the desired estimate (3.24) from (8.33). 
By Lemma 6.1, 

sup S(w)<^ + - C L. 
weS 2 a N 2 a z 

The first term on the right hand side is comparable to N0/N2, by (8.28). As for 
the second term, this is also comparable to N0/N2 if d — Nqo 2 . In view of the 
definition of d, in (8.32), it then remains to consider d — L m a X , which happens 
when iVoa 2 < £° n a X . Then instead of (8.35) we only get 



.36) sup B(u) 



rO'l 

<^ max 



^ eS 2 N 2 a 2 ' 

but to compensate we can use the following replacement for (8.26): 

(8.37) \\P^ ieI u^r 2 \\ < {N A {N 2l fL^ n ) 1/2 IK'^11 IK'"! > 

which in fact reduces to a more or less trivial volume estimate; a proof is given 
in [13, Sect. 8]. If we now apply (8.37) instead of (8.26), but of course with u^ 2 
replaced by P^^^u^'" 2 , then we must multiply (8.33) by the square root of 

(iV 2 7) 2 

But multiplying this by the right hand side of (8.36) gives the factor in the right 
hand side of (8.35), so the net effect is the same. 

The proof for case (8.4c), subcase (8.17b) is now complete. Note that we did not 
use the assumption L ~ L' for this. 
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8.8. Case (8.4c), subcase (8.17c). Then by (8.5b), (8.8) and (8.9), 
(8.38) | gi234 | < 4? < mm(8 03 ,6 0i ) U± . 

Comparing with (8.20), we then we get (8.23) with an extra factor (N^/Nq) 1 / 2 , 
implying the desired estimate. 

8.9. Case (8.4c), subcase (8.17d). This follows by the argument from the previous 
section, by symmetry (reverse the roles of 12 and 34). This works because we know 
that 0i2,0 34 <c 1, hence (8.6) holds, as does its analogue for # 34 . 

This concludes the proof of Theorem 3.1 for Lq ~ L' Q . 



9. Proof of the dyadic quadrilinear estimate, Part II 
It remains to prove Theorem 3.1 when 

(9.1) Lq < L' or L > L' . 
By symmetry we may assume 

(9.2) Li < L 2 , L 3 < L^ 

Unlike in section 8, we do not use (8.4a)-(8.4c) as our main cases, the reason being 
that the argument used in cases (8.4a) and (8.4b) only works when L ~ L' Q , since 
it relies on (8.13), and moreover Lq,L' do not appear symmetrically in (8.16). 
Instead we use (5.9) and (5.10) as our main cases. In the case (5.9), we assume 
without loss of generality that #12 < 034- This we could also assume in case (5.10), 
of course, but it serves no purpose. Instead, in case (5.10) we use the symmetry 
to assume without loss of generality that the first term in (8.8) dominates. We 
also use the latter to split (5.9) into two subcases. Thus, it suffices to consider the 
following cases: 



(9.3a) 


#12 






$34, 


min( 


0qi, 0m) > min( 


003, 


004), 


(9.3b) 


#12 


< < 




#34, 


min( 


#01,^02) < min( 


003, 


004), 


(9.3c) 


#12 


, #34 


< < 


b, 


min( 


#01,^02) < min( 


003, 


004)- 


The latter two we will further split 


into 








(9.4a) 








L 2 > 




L4 > Lq, 






(9.4b) 








L 2 < 




L4 > Lq, 






(9.4c) 








L-2 < 


ji 


^4<Lq, 






(9.4d) 








L 2 > 


L' , 


L4 < Lq. 







We may assume that 
(9.5) iV^ n ,iV^ n »l, 



since otherwise trivial estimates analogous to (8.27) apply. 
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9.1. Case (9.3a). Then by (8.7)-(8.9), 

' rO'12 \ I/ 2 / r034 \ V 2 
max \ / max 



1 91234 1 < </>#34 < 



u / \ mir 



so with notation as in (8.10), 

/ rO'12 \ i/ 2 / r034 \ V 2 

(9-6) J]S £ < HH II^^ou2||||uo43| 



If we apply Lemma 3.3 followed by Theorem 4.2, we get the desired estimate except 
in the case Nq <C Ni ~ A^. But we can do better by applying the following: 

Lemma 9.1. Assuming (9.1) holds, we have 

(9.7) K^o'isll < (iV iV m ^L m i n 2 L^) 1/2 |H| Huall . 

The main point, comparing with (4.10) in Theorem 4.2, is that N^ m there is 
replaced by N£j? in (9.7). Plugging the latter into (9.6), and estimating 1 1 tio43 II by 
the analogue of (4.10), we get (3.24). 

Proof of Lemma 9.1. If L ma 2 = L^,., then (9.7) holds by Lemma 3.3 and (4.9), so 
we assume L ma 2 = L' for the rest of the proof. 

Since dyi *C 1, we have #12 < 7 with 7 as in (8.6). Then by Lemma 2.4, the left 
hand side of (9.7) is dominated by the sum, with notation as in (8.22), 



where the sum is over wi,U2 £ ^(7) with 9(lui,lu2) < 7- By (2.14), 

(9.8) Tu^ 1 C i? ro ax(L 1 ,jVi7 2 )(k>l), Tu^" 2 C i?max(L 2 ,jV 2 7 2 ) ( w l) ; 

where the latter relies on the assumption 8(uji,uj2) ;$ 7- We conclude that 

(9.9) supp Fug* ^ C H d , (wx), where d' = max (L^ 2 ax , M n 12 ax7 2 ) 
Then by Lemma 3.4, 



If d' = Lm ax , use (4.9) and sum wi, W2 as in (2.19) to obtain 

(9.H) S< 7 (7Vo^Loimi„) 1/2 |l«l|lll«2||, 

proving (9.7). The other possibility is d' = 7V m 2 ax 7 2 - N L' /N^ m , where the 
estimate holds by (8.6). Then by (9.10) and (4.8), 

I 1 /2 

(9-12) 5< (^rfr) (^ m M n iiL 2 ) 1/2 || U i|||| U 2||, 

completing the proof of Lemma 9.1. □ 

This concludes case (9.3a). 

9.2. Case (9.3b), subcase (9.4a). This is covered by the proof for L ~ L' Q , where 
it corresponds to case (8.4c), subcase (8.17b); see sections 8.5-8.7. 
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9.3. Case (9.3b), subcase (9.4b). Again we use the argument in sections 8.5-8.7, 
but with certain modifications. Observe that (8.20) holds. Now we repeat the 
argument leading to (8.23), but instead of using Lemma 3.3 and Theorem 4.2 to 
estimate T L ° L , ^UqI^'^i we use Lemma 9.1. Then we get 



< E 



\ min / 



(9-13) < (^)^^(^)^ (£„£,. AbJV^L^^n 

V min/ \ JV 1 JV 2/ j=l 

( N \l/2 4 

1 • -NlL Q L' Q LyL 2 LsLA \{\\u 3 \\ , 



\ mm 



and the last line is exactly as in (8.23). 

Now we continue as in section 8.5. We are done if Nq < N^ m i or whenever we 
are able to gain an extra factor (iV^/iVo) 1 / 2 in (9.13); the latter happens when 
N 3 < N ~ iV 4 , in view of (8.24). 

Thus, we are left with N4 <C No ~ iV3. Then we proceed as in section 8.6. We 
may assume (8.25) (otherwise Nq < L' Q , and then (9.6) holds), hence Theorem 6.3 
applies, so in (9.13) we can replace H?^ ^ ■FuJ^'"' 2 || by 

(9.14) sup \\T^ L ,TP^ ieI u^r 2 
where the supremum is over I C K with |/| = N4. By Theorem 6.1, 

(9.15) supllP^e^/jri < (N.N^L.f'WuJ^W \\u^\\ 

1 

If we combine this with Lemma 3.3, we get 

(9.16) l.h.s.(9.14) < (mN^L^f 2 \\uj^\\ \\u^\\ , 



but this is not enough: It allows us to replace the combination NqN^ 1 LiL2 in the 
second line of (9.13) by N^N^L^, but what we need is N i N^ i lL 1 L 2 . That is, 
we need 



(9.17) l.h.s.(9.14) < (N A N^L!L 2 



1/2 



,7,"l|| IU,7^2| 



If this holds, then we gain the necessary factor (iV 4 /iVo) 1/2 in (9.13). 

So let us prove (9.17). We assume iVo <C N\ ~ N%, since otherwise (9.17) 
reduces to (9.16). Recalling (9.9) from the proof of Lemma 9.1, we use Lemma 
3.4 to estimate the norm inside the supremum in (9.14), and then we apply cither 
(9.15) or the variation 



01 Tl T N 1 / 2 



(9.18) sup ||P^ ie/ <,™ll < (NaN^L, 



11 



T U1 \ 



which follows from Theorem 6.1 via duality, again using the fact that 7 < 1. 
Specifically, if d! = L^ ax , we use (9.18), whereas (9.15) is used if dl = N^ ax j 2 ; cf. 
(9.11) and (9.12) in the proof of Lemma 9.1. Then (9.17) follows. 
This concludes case (9.3b), subcase (9.4b). 
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9.4. Case (9.3b), subcase (9.4c). The argument from section 9.3 does not work, 
since the L4 in (9.13) becomes L 0l so there are two Lo's; one °f them is due to 
(8.7), and is unavoidable. The other, unwanted factor comes from estimating the 
null form in (8.29) by Theorem 6.2 or Theorem 6.3, so we have to avoid using those 
theorems. Instead we shall use an extra decomposition of the spatial frequencies 
into cubes to gain better control. Then we use Theorems 6.1 and 6.5, and also 
Lemma 3.4. 

For the remainder of section 9, we change the notation from (8.6), writing now 

' at T-0'12 \ 1/2 
JV L may * 

N X N 2 



(9.19) 9i3 < 7 = 

By (9.3b), (8.8) and (8.9), 



(9.20) < min(0 O3 ,0 O4 ) < , 

iVo 



T \ 1 / 2 



hence 



(9-21) 1 91234 1 ^ ' ,r '.;i ~: 1 \- I 



N 



T \ V2 



Therefore, applying Lemma 2.4 to the pair (±i£i, ±2^2) and Lemma 2.3 to the pair 
(±3^3, ±4^4), and recalling (8.6) and (8.7), 



(9-22) j^<E £ E 

WljW2 0<734<7' w 3. w 4 



T \ 1 / 2 

N 



734 



where 7' is defined as in (8.7), ull^'" 2 is defined as in (8.22), and similarly 

(9.23) ul 3 A^" 3 =P„± ( uf^W 1 ^) 

N a, L o \ / 

The sums in (9.22) are over u>i,u>2 € ^(7) with 6(lji,u>2) < 7, over dyadic 734, and 
over W3,o;4 € ^(734) satisfying 

(9.24) 3 734 < 0(lu 3 ,u 4 ) < I2734. 

Due to this separation, #34 ~ 734 in the bilinear interaction of (9.23). 

Recall that the spatial Fourier support of Uq',^ '" 2 is contained in a tube of radius 

r ~ N 12 7 

max I 

around Mlj±, where 7 is given by (9.19). Cover R by almost disjoint intervals I of 
length r, and write 



x 0'12 

7 



where the sum has cardinality 0(N Q /r). The spatial frequency £0 of the summand 
is restricted to a cube 

Qo = QoCO 

of side- length comparable to r. Let Qo denote the cover of K 3 by almost dis- 
joint translates of Q , and restrict the spatial frequencies £1,^2, £3, £4 to cubes 
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Qi,Q2,Q3,Q4 G Qo; respectively. Since £o = £1 ~ £2, then once Q\ has been 
chosen, the choice of Q2 is restricted to the set 

(9.25) {Q2 G Qo: Q 2 n(Q 1 -Q o )^0}, 

which has cardinality 0(1). This implies that, by the Cauchy-Schwarz inequality, 

(9.26) e H p «x«r i iii|pg a «r a ii ;$ n«riN ,wa i| s 

where the sum over Q2 of course is restricted to the set (9.25). The pair (QzjQa) 
is similarly restricted, since £0 = £4 — £3. 

After this extra decomposition, (9.22) is replaced by 



(9^) E E EE E E 

Wl,Cl>3 0<734 <7' W3,fc»4 / Q11Q2 Q31Q4 



734 



where 

(9.28) V 

„,734,^4:"3;Q4,Q3 _ p {r> „,734,"4-r> ,,734,^3^ 

u 043 if \^Qi U i ^Qs u 3 

The sum over Q2 in (9.27) is restricted to the set (9.25) determined by Qi and 
and similarly for the pair (Q3, Qi). 

Consider the integral in (9.27) for a fixed choice of 734, the id's, I and the Q's. 
We use the notation (3.13)-(3.14) for the bilinear interactions in this integral, so in 
particular £j £ Qj and \£j\ ~ Nj for j — 1,2,3,4, recalling (9.5). Our plan is now 
to apply Lemma 3.4. By (9.9) we have 

(9.29) t' + £0 • wi = 0(d')i where d ' = max (^2, ^ma X 7 2 ) • 
We claim that also 

„2 



(9.30) r + £0 • w 3 = c+ 0(d), where d = max I L 4 , — gj-, r7 34 

\ min 

and c € M is a constant depending on (Q3, Q4) and (w 3 , U4). 

Let us prove (9.30). Denote by £* the center of the cube Qj, so that 

(9.31) |£i-£*l<r. 

Let cj* = Replacing the side-length r of the cubes by 2r if necessary, we 

may assume that to* € r 734 (o; J *) for j = 3,4. Since 0(a;3, w 4 ) < 734, we then have 

(9.32) < 734 forj = 3,4. 
Now write, for j = 3,4, 

(9.33) + • w 3 = + • + (£,• - £*) • (w 3 - w*) + Cj, 
where 

c i = ' (^3 - W*). 

Since £j G and ~ TV, , we conclude from (2.14) that 

(9.34) Tj + & ■ a;* = O (max (j - 3, 4). 
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By (9.31) and (9.32), 

(9.35) &-3)-(^-w;)=0(nfc4). 

Now plug the estimates (9.34) and (9.35) into (9.33) for j — 3,4, and subtract. 
Since To = T4 — 73 and £0 = £4 — £3, this proves (9.30), with c = C4 — C3. 

In view of (9.29), (9.30) and Lemma 3.4, we can dominate the integral in (9.27) 
by the product of 

1/2 



(9.36) 

and 

(9.37) 

By Theorem 6.1 
(9.38) 
holds with 
(9.39) 



min 1 



x 0'12 



d/_ 



1/2 



7,wi,u 2 ;Qi,<22 
0'12 



734,"4,"3;Q4,Q3 

043 



<C Pc 



,7)"l 



P Q2«2 



rN2LL' L lt 



C 2 

(9.40) C 2 
From the definitions of d! and 7 (see (9.29) and (8.6)) and by the assumption (9.4c), 



rN^ u LiL 2 . 



(9.41) 



L' n 



max 



Lo Nn 



T ' AT 12 
^0 JV min 



If iV ~ N^ x , we estimate (9.36) by l.h.s.(9.38) and use (9.40). If, on the other 
hand, Nq <C Ni ~ N%, then we combine (9.41) with (9.38), observing that the 
product of (9.41) with the minimum of (9.39) and (9.40) is dominated by rN$LiL2- 
We conclude: 

.1/2 



(9.42) (9.36) < (rJV£££i£a) 

We further claim that 



P Q2«2 



7:"2 



(9.43) 

holds with 

(9.44) 

(9.45) 

(9.46) 



734,(^4, w 3 ;Q4,Q3 
043 



< C P 



734,^3 I 



c 2 
c 2 

c 2 



Q 3 "3 



r 2 L 3 L 4 

734 



,734,^4 I 



In fact, (9.46) holds by Theorem 6.5, in view of the separation assumption (9.24); 
(9.45) holds by Theorem 6.1, and (9.44) reduces to a trivial volume estimate (see 
the proof of Theorem 6.5 in [13]). 

Now observe that d, defined by (9.30), times the minimum of (9.44)-(9.46), is 
comparable to r^L-^L^. Therefore, 

1/2 

(9.47) (9.37) < ' 



r 3 L 3 L 4 



Lo 



p ? .734,^3 



P^ „T3 4 ' aJ4 
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Now estimate the integral in (9.27) by the product of (9.36) and (9.37), and use 
(9.42) and (9.47). The result is 
(9.48) 

E EEg)'"*.(? ! " Ct ' i> " ! 



\LJi ,LJ2 




^ iiPQ^riiiPg^n 1 1 e iip^ 34 '*' 31111 ^ ^ a 



\ J / 0<734<7' 

,7)^2 II II \^ ||„, 734,^3 || II 734,^4 I 



< 



N 12 W /N 012 ^ 1/2 

max / / I mm 



(L L' )V 2 V iV 



NlL L' LiL 2 L z L4) \\ui\\ ||w 2 || ||ix-3 1| ||u 4 || , 



where to get the second inequality we summed the Q's using (9.26) and its analogue 
for (Q3,Q4). In the final step we used the definition r ~ -^m 2 ax 7i we summed / 
using the fact that the index set has cardinality O(N /r), we summed the uj's as 
in (2.19), and finally we used the fact that 

(9.49) Yl ^4 ~ y, 

0<734<7' 

where the sum is over dyadic 734, of course. 

Note that the above implies (3.24) if the expression 

(9.50) A = { maX 1 U mm 

NqL L 

is 0(1). In view of (9.19), (8.7) and (9.4c), 

(9 ' 51) A ~ N L L> NiN 2 V -^mln 

If we use the second factor in the last minimum, we get 

N 12 N 012 iVn 

^■ bZ ) A ~ N 12 N 34 ~ ^34 > 

mm mm mm 

where we used (3.17). This proves (9.50) except when 

which we now assume. If ±o 7^ ±43, then N$ < Lq by Lemma 7.1, so we can 
estimate the first factor in the minimum in (9.51) by 1 < Lq/Nq, thereby gaining 
a factor N^ in /No compared to (9.52). If, on the other hand, ±0 = ±43, then by 
Lemma 7.2 and (8.7), 

j\r34 J\r34 / J \ 1 / 2 / at34 \ / j \ V 2 

minfT) ft \ < min ft < min • I — min I I ® I 

min(^03,P04j S: AT ^34 ,^ 



N N \NH a J \ N J \N ( 
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which means that compared to (9.20) we gain a factor (N^JNo) 1 / 2 , which comes 
up squared in (9.50). 

This completes case (9.3b), subcase (9.4c). 

9.5. Case (9.3b), subcase (9.4d). This adds another layer of difficulty compared 
to the previous section, for a certain asymmetric interaction. As far as possible, 
however, we repeat the preceding argument. 

The only difference from the previous case is that now L 2 > L' , instead of 
L% < Lq. This difference only shows up in the expression (8.6) for 7, however, 
and this expression is not used explicitly in the previous section until the estimate 
(9.41). But in the present case, d'/L' > 1, hence (9.36) is just equal to the left 
hand side of (9.38), so instead of (9.42) we use (9.38) with constant C as in (9.39) 
(using (9.40) will not work now). Comparing (9.39) with (9.42), we see that there 
will only be a problem if N 2 <C N ~ Ni. 

To be precise, instead of (9.50) we will now have 

(9.53) A = max ' U — sna j 

N0L0L2 

leading to 

(9 ' 54) A ~ N L L 2 N^~ 2 mm \' NX)-N2£* r - Ls -( 9 - 51 )' 
so we are done except in the case 

N 2 < iV - Ni, 

which we now assume. Then we must somehow gain a factor N 2 /N in (9.53). We 
use the same idea as in section 8.7. We may assume 

N 2 » 1, 

since otherwise (8.27) applies. We may further assume 

±0 = ±012, 

since otherwise (9.6) applies. 

Then (8.28) holds, and we use this to make an extra angular decomposition in 
the analysis of the previous section, for the pair (±o£o, ±i£i)- In view of (8.32), the 
effect of this extra decomposition is that we can replace Pq^J^ 1 and Pq 2 u 2 ,UI2 in 
(9.28) by, respectively, 

(9-55) V Ql ul m "'\ P^KjPoX'"". 

where w ^' Wl ' a ' w i j s defined by (9.29) and d is given by (8.32). Here lu[ € Q(a). 
There is also a vector ui' Q € f2(a), but since #(wq,cl4) < a we know that only O(l) 
Wq's can interact with a given lu[, hence summing lu' is not a problem. 

A key observation is that the spatial output £0 is now restricted to a tube of 
radius 

r' ~ N a ~ N 2 j 

around Ruj' , and the relation between this and the radius r ~ iVo7 used in the 
previous section is 

r ^ N ' 
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If we now repeat the decomposition into cubes as in the previous section, but 
now with r replaced by r', then apply (9.38) with C as in (9.39) but with r replaced 
by r' and with the substitutions (9.55), and we apply also (9.43) with r replaced 
by r', then we get 
(9.56) 



"1^2 0<734<7' w 3 ,u 4 u[ I 



7,oJi;a,w 1 II lip 7,w 2 |||| 734,1^3 I] I] 734,^4 I 



SEE E 




734,^3 L, 734-^4 



jV / ^ (io^) 1 / 

/ 0<734j;7 

~ it ^1/2 {N^L^L^L^U) 1 ' 2 I sup Bf^ || Ul || ||ua|| ||u 3 || |M| , 

where B(oji) is defined by (8.34). So now instead of (9.50) we have 

(rV) 2 

and (9.51) is replaced by 

A ^ 1-?- ■ ~ivT~)\7~ mm ( !. W ) ™P B M 



min / 



< ~min (l,— sup 5(wi). 
When (8.35) holds we are done, since then we get 
(9.57) A<^min(l, 



and by the same argument as at the end of the previous section we also know how 
to deal with the case NH n < N . 

If, on the other hand, (8.35) does not hold, then as shown in section 8.7 we have 
instead (8.36). But to compensate we can use the fact that (9.38) holds with 



C^r'(N 2l fLll, 

as follows from (8.37). Then as observed in section 8.7, the net effect is the same, 
hence (9.57) holds. 

This completes case (9.3b), subcase (9.4d) 



9.6. Case (9.3c), subcases (9.4a) and (9.4b). Then by (8.5b), (8.8) and (8.9), 
1 91234 1 ^ 2 ^ min(0 O3 ,0o4) 2 S min(0 O3 ,0 O 4) 



Nn 
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hence we can proceed as in section 8.5, but recalling also that we have Lemma 9.1 
at our disposal. The result is that we can dominate J|j- L by the last line of (8.23), 
but without the factor N /N^ m . Thus, (3.24) holds. 

9.7. Case (9.3c), subcase (9.4c). Here we would like to follow as closely as possible 
the argument for case (9.3b), subcase (9.4c), from section 9.4. 
Since #12, $34 <C 1, we have (9.19) and similarly 



(9.58) 034 < 7' 



N L N 1/2 
N 3 N 4 



which replaces (8.7). 

We still have (9.20), but (9.21) is replaced by 



(9.59) |g 1234 | 



< 



hence the factor 734 in (9.27) is replaced by the upper bound for in (9.20). 

Since there is no 734, it may seem that we have a problem with the estimate 
(9.43) with C as in (9.46), since this is a null form estimate which requires that we 
have at least a square root of 734 (the dyadic size of 834). 

But the combination (9.43), (9.46) is only used when we pick up the third factor 
^34 in the maximum defining d in (9.30), so we are still able to use (9.46). 

Proceeding as in section 9.4, we then get (9.48) with the following modifications: 
The factors 734 in the first and third lines are replaced by the upper bound in (9.20), 
and instead of the factor 7' in the last line, which comes from the sum (9.49), we 
now have 

-^0 



(MO) (i D L 

0<734j;7 



Of course the sum diverges, unless we can further restrict the range of the dyadic 
number 734. 

The separation assumption (9.24) is only needed when we apply the null form 
estimate (9.46), i.e., when the factor ^34 dominates in the definition of d in (9.30); 
then in particular, 

(9-61) 734 > ~ ^7 - ^34 - [jfjf 

min mm mm \ 1 z 

On the other hand, we also have the upper bound (9.58) for 734. The cardinality 
of the set of dyadic numbers 734 satisfying both (9.58) and (9.61) is comparable to 

so the corresponding part of the sum in (9.60) is O(logLo). 
It then remains to consider 

r 

^34 < jy3T, 
min 

but then we do not need the separation assumption (9.24), so here we can avoid a 
summation over 734 altogether by using Lemma 2.4 instead of Lemma 2.3. 
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9.8. Case (9.3c), subcase (9.4d). This follows by the argument from section (9.5) 
with the same modifications as in the previous section. Now L in (9.62) is replaced 
by L2, but this does not change the final estimate in (9.62) (recall that all the L's 
are greater than or equal to one). 

This completes the proof of Theorem 3.1. 

10. Summation of the dyadic pieces 

By summing the dyadic estimates from Theorem 3.1, we prove that (3.5) holds 
for any s > and all sufficiently small e > (depending on s). Split the integral 
(3.8) into two parts: 

J ~ J |«o|>l + J |fo|<l> 
by restricting to the regions where |£o| > 1 an d |£o| < 1, respectively. 

10.1. The high frequency part. Recall that (3.22) holds for J^ \>i- Now we 
combine the estimate from Theorem 3.1 with the trivial estimate 

(10.1) J^ L < (K*N™) 3 LilZL™) 1/2 f[ , 

which is immediate from (4.11) and Lemma 3.3. Taking (10.1) to the power 8e and 
(3.24) to the power 1 — 8e, we get 

J%, L < («M) 3 L^ n 2 ^f n ) 4£ (N^LoL^L^uf 2 - 46 log(L ) n IHI • 

Estimating log(L ) < Lg and (L^J^ L°^) 4£ < (L 1 L 3 ) 4e , inserting the above into 
(3.22), and recalling the notation (2.16), we see that is enough to prove 

(10-2) S , <||fi||||F 2 ||||F 3 ||||F4||, 
where 



N J ,L J 



The sum over N is restricted by the condition (3.16) and its counterpart for the 
inded 034. Recall that all the TV's and L's are greater than or equal to one. 
Summing L is trivial: 

1 4 II 4 

E (T V T T T T V II Uk^ F * ^nilXfe)-^'!!' 
(L L LiL 2 L 3 L i )' ; f^ll 1 ^N j ,L J 

where C = ^ L (L^L' LiL2L 3 L4)~ e < 00, so it only remains to prove (10.2) for the 
reduced sum 

/-in D \ al ^4 (^min^min) TT II Z7" II 

Since (N^ n N^) 12£ < ^ < Max) 



24? 



( 10 ' 4 ) S ' % E N 8e (NlN * )s -24e N sjI IU^-nM . 

To ensure that s — 25e > 0, we choose e > so small that 25e < s. 
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We now split S' = Si + S2 + S3, corresponding to the cases AT 4 < N ~ N 3 , 
N < A" 3 ~ N 4 and N 3 < iV ~ A/4, respectively. 

10.1.1. TTie case N 4 < A^o ~ A3. Since J2 Ni <N N i ~ ^0 ~ ^f: 



N ,Ni,N2,N 3 K 1 A ' 3 j=l 



N^ £ (N 1 N 2 y- 2ie N. 
and this is trivially bounded by right hand side of (10.2). 

10.1.2. The case N a < A3 - AT 4 . Then 

4 

JV j = l 

Here No, Ni, N2 sum outright, whereas A3 ~ N 4 can be summed using the Cauchy- 
Schwarz inequality: 

Yl \\X(S 3 )^N 3 F 3 \\ \\x{U}~NtFi\\ ~ ll F3 ll II^H ■ 

Af 3 ~AT 4 >l 

10.1.3. The case N 3 < N - N 4 . Then N 4 < N^. Now (10.4) is too crude, but 
from (10.3) we see that we can reduce to the sum 

q N 4XNq~N 4 <N^ tt it || 

JV V min/ \ J, mra/ Jv 3 j = i 

4 

< XNg~Ni TT || p || 

~ N 7s(Ml2 \ s -12ef ft/12 \e AT S - 12£ J- A " Mtj)^ fj \\ , 

JV V min/ \ max/ 2, 3 j = l 

and this is trivial to sum. 

10.2. The low frequency part. Here we prove (3.5) for J? , <lt without any 
dyadic decomposition. For this, we need the estimate, for / € <S(]R 3 ), 

(10.5) l|P|ei<i/|L« < |s(o,i)| 1/2 ||/|| L2 , 

or rather its dual, 

(10.6) ll P l«l<i/|L 2 < l^(0,l)l V2 ||/|| £ i- 

Here B(0, 1) denotes the unit ball {(el 3 : |£| < 1}. Note that (10.5) follows from 
the Riemann-Lebesgue lemma and the Cauchy-Schwarz inequality. 

We also need (this follows from the triangle inequality in Fourier space) 

(10.7) ||P|ci<i(/s)|| < C s \\P m< x{{D) s U\ ■ {d)- s [ 9 \)\\ , 

where we use the notation |_/J = Fx 1 \f I- Furthermore, we need the crude estimate 

(10-8) UpD^ 1 ^!! < ||F|| , 

which follows from a cut-off estimate proved in [10], and we need 

(10.9) \\F\\l?li < C p m \\F\\ x o, (1 -2 /p)b (2< P <w,b> 1/2). 

The latter is trivial for p = 2, so by interpolation it suffices to prove it for p = 00, 
but then by Minkowski's integral inequality, the Riemann-Lebesgue lemma and 
Plancherel's theorem, the left hand side is bounded by \\F(t, OIIl^l 1 ■ Inserting 
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(r ± ICD^r ± l£l) _b an d applying the Cauchy-Schwarz inequality in r, one easily 
obtains the desired estimate. 

Now we estimate, for any b > 1/2, 

j,f o|<1 < ||pn- 1 P| f | <1 (a^n ±1 ^ ) n ±2 ^ 2 )|| ||P| € |< 1 <o p ii±,V3,n±^>|| 
~ ll p iei<i( a"n ±1 i/>i,n± 2 v>2) || ||P|£i<i( a^n±3V>3,n ±4 v>4)|| 

< c s HPifKiCLV'iJ LV> 2 J)|| ||P|fi<i«£>>*L^J • (^>" s L^4j)|| 

< c s || LViJ L^J || Lv> 3 J • (D)- s \\ LiLi 

< C s HihtLi \\H\LfLi \\(D) s ^\\ LfL 2 \\(D)- s i> 4 \\ LtLl 

< C s . b 0,6/2 ||-02 || ^0,^/2 ||?/'3ll X = .V2 ||-04|| y-s.b/2 , 

±1 ±2 ±3 ±4 

where to get the second inequality we used (10.8), and then we used (10.7), (10.6), 
Holder's inequality and (10.9). Finally, if we write b = 1/2 + e, where e > 0, then 
we see that b/2 < 1/2 — 2e for all e < 1/10, hence we have proved (3.5) for the low 
frequency part. Notice that we did not need the null structure. 
This concludes the proof of (3.5). 

11. Proof of the trilinear estimate 

Here we prove (3.4). Recall that A^ om - is the solution of (1.19), the data being 
determined by (1.16), (1-17), with regularity as in (1.32). Thus, 

A 1 ™ 111 - = 0, 

whereas A' " 1, for j — 1,2,3 splits in the usual way: 



A horn. a horn. , jhom. 

A j - A j,+ + A j - 



where 



A%£(X ) = S(r ± ( X ° = M))> 

and g~j ,g~ € L 2 (R 3 ) are defined by 

(n.i) ^(&) = \moy- 1/2 ±o ||[) , 

hence 

(H-2) II^IU^o, 

where 1 is as in (3.1). By (1.14)-(1.17), V ■ a = and V ■ a = — | -00 1 2 , hence 

(11-3) ^ ±o (Co)^(eo) s - 1/2 lv^«o), 

where we implicitly sum over j = 1,2,3 on the left hand side. 

Now write £ = (± ,± 1 ,± 2 ), and let J s be defined like i" ±I > ±2 in (3.6), except 
that A^ om - is replaced by A^°± o . By Plancherel's formula, 

lt „ ^(X ll X 2 )g^{^)F 1 {X 1 )F 2 (X 2 ) 
l£ol(£o) s 1/2 Uk=Aw Sk (Tk ± k \£,k\) bk 



MAXWELL-DIRAC 



45 



where 

ai = -8 2 = 8, h = l/2 + e, 6a = l/2-2E, 
ipk = Zk\ipk\, \ipk(X k ) \ = rrry^r^ f\h, » X k = (r k ,£ k ), 
o*{Xi,X 2 ) = (am(e 1 )z 1 (X 1 ),U(e 2 )z 2 (X 2 )), e k = ± fc |^ e § 2 . 

Is* I 

Here z k : M 1+3 -> C 4 is measurable, \z k \ = 1, F k G L 2 (IR 1+3 ) and F fc > 0, for 
fc = 1, 2. The convolution measure dfi^ Q is given by the rule in (2.1), hence 

X = X 2 - X\ ( r = r 2 - ti, Co = 6 - Ci) 

in the above integral. We also define the angles 0oi, 002 and 0i2 by (3.15). 
We want to prove the estimate 

(11-4) ^ |>i <C{T*)\\Fi\\\\H\- 



Split 



J ~ J |?o|>l + J |€o|<l 



corresponding to the regions |Co| > 1 an d |Co| < 1- 

11.1. Estimate for J, Let ATq, N\, N 2 , Lq, L\, L 2 > 1 be dyadic numbers 

representing the sizes of the weights, as in section 3. Taking the absolute value and 
using the fact that p is a Schwartz function (hence we can get as many powers as 
we like of Lq in the denominator), we get 

1 /V s f s 

f 1Hl rXJ < V 2 N ' L 

Ifol^ 1 ~ Kr s+1/2 MST r l/2+e r l/2-2 £ ' 

AT,i iV l\ 1 L L 1 ^ 2 

where iV = (Nq, Ni, N 2 ), L = (Lq, Li, L 2 ) and, with notation as in (2.16), 
In,l = J J |ai 2 (Xi,X 2 )|5^(X )Sr(Xi)^(X 2 )d/i^ dX 0) 

"oj = X K ±o i*b,i, ^oj(^o) = r^riTT\ C? = 1= 2 ' 3 )- 

The sum over AT is restricted by (3.16). 

By the same type of summation argument that was used in section 10 (we omit 
the details), (11.4) is easily deduced from (11.5) if we can prove the following: 

(H-6) In,l < {NqLIL^) 1 ' 2 C(Jq) IMI \\u 2 \\ , 

(H.7) < ((N^fL°^y /2 C(X ) IKH || Ua || . 

First, (11.7) follows from (4.11), if we estimate \cr^(X\, X 2 )\ < 1 and use the fact 
that ||uo|| <Iq, by (11.2). 

To prove (11.6), on the other hand, we need to use the structure of the symbol 
a J 12 , encoded in the identity (4.5). We claim that 

(1 1.8) I o* (X, , X 2 )gf" (Co) I < 012 | 5 ±0 (Co) I + min(0 ol , O2 ) \g ±0 (Co) I 

+ <Co) s - 3/2 |^P(Co) , 
where again we sum over j — 1, 2, 3, and we assume |Co| > 1- 
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To prove (11.8), we use the identity (4.5) to write 
a 3 {X 1 ,X 2 )gf\^) = (^n(e 1 )z 1 ,n(e 2 )z 2 ) 5j ±0 (eo) 

= (n( e2 )n(-e 1 )^z 1 ,z 2 ).g J ±0 (e ) + (z 1 ,n(e 2 )z 2 )e{gf (Ho) 
= (U(e 2 )U(-e 1 )^z 1 ,z 2 }gf°^ ) 
+ ( Zl , n(e 2 )z 2 )(e{ - e^gp^o) + ( z u U(e 2 )z 2 )e J o5j ±0 (£o), 

and by (1-27) and (11-3) this implies (11.8) with min(#oi, ^02) replaced by #oi- But 
since a? is self-adjoint, we can also move it onto the second factor in the inner 
product defining a 3 , and then we get instead the angle 9q 2 . This proves (11.8). 

Corresponding to the first and second terms in the right side of (11.8), we need 
to prove (11.6) for the integrals 

I N' 1 L= // h^{X )^{Xl)u 2 '{X 2 ) G?MXo dX 0' 



where now 



In\ =11 min (0oi, do2)uo(Xo)u 1 (X 1 )u2(X 2 ) d/ix dX , 



F 0i X 0) - ^ 



(to±oI£oI)' 
hence ||u || ~ ||F || <T , by (11.2). 

For Iff we get (11.6) (with only one power of Lq inside the parentheses) from 
the null form estimate in Theorem 4.1. 
Now consider I^f\- By Lemma 7.3, 

min(0 O i,0o2) 
so by the Cauchy-Schwarz inequality, 



< 



r012 \ V 2 

ma x 



012 \ 1/2 



< ^^jv^LoL^y ^ikhimi, 

where we used (4.9) and ||mo|| < lo- This proves (11.6) for Note that here 

we may actually pick up two powers of Lq inside the parentheses (recall that this 
is allowed because p is rapidly decreasing) . 

Now consider the case where the third term in the right side of (11.8) dominates. 
We may assume 0\ 2 <C 1, since otherwise we can reduce to I N ' L by estimating 
\a 3 (X 1 ,X 2 )\ < 1. So by Lemma 4.2, 

-012 \ V 2 



?12 < 7 



N L» 



mN 2 



hence we need to prove (11.6) for 

In% = K~ V2 1 1 Xo 12 < 1 ^o(X )^r 1 (X 1 )^ 2 (X 2 ) d^l dX Q , 
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where now 

_ |l^ 2 (£o) 

By Lemma 2.4 applied to the pair (±i£i, ±2^2), 



(11.9) I%% < N°- 3/2 I / MXo)^ 1 (*i)^F (X 2 ) d» 2 l dX Q , 



where the sum is over u>i,LJ2 € ^(7) with 9(u>i,u>2) ^ 7- Thus, £i,£ 2 are both 
restricted to a tube of radius 



v max7 ~ ^ TV 12 



mm 



r ~ <; x 7 

around M.ui%, hence the same is true of £0 = £2 — £,1, so we get 
J £l ~ ^o" 3/2 X! ll P Kx3V(a;i)«o|| p ^±o («i 



l w ,i 



<iV s 3/2 J] ||Pr r ( Wl )P(&>~^ IV'ol 2 1| (N*L L 



12 \l/2 



,7.^1 II ||, ,7.^2 I 



where we used (4.9). Applying the estimate (proved below) 

(11.10) sup ||P Ti . M P (5o) ^v> | 2 || < (r 2 N ) 1/2 N - s \\4, \\ 2 Hs 

and summing lui,uj2 as in (2.19), we then obtain 

Im% < (r 2 N ) 1/2 N s \\^f Ha (N N^L L^) 1/2 |K|| ||u 2 | 



A 12 

mi 

/ 7U"12 7^012 \ V2 

^ ^V^ ^mUm+a 2 * ||Vo||tf. ||«l|| || Ua | 

\ min / 

< N~ 3 ' 2 (N L L% a I™J 1/ * llVolk. hill IKH , 



1/2 

"illlM 



where we used (3.17) in the last step. This proves (11-6) for I^-' 3 L , under the 
assumption that (11.10) holds. 

In fact, (11.10) is an easy consequence of the estimate 

(11.11) sup ||PT r ( w )P(fo)~%(/ff)|| < (r 2 N ) 1/2 11/11 Nl (V/,.9 £ S(R 3 )) 

which reduces, by an argument based on the Cauchy-Schwarz inequality (see [14] 
or [13]), to the fact that the volume of the £o _ support is O(r 2 N ). 
This completes the proof of (11.4). 
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r±i,± 2 



11.2. Estimate for J^V^. Since (£ 2 ) ^ (£o) + (£1) ^5 an d since p is rapidly 
decreasing, 

X|go|<i|g ±0 (€o)l 
ICoKto ±0 |£oP" 
XM<il5 ±0 (£o)| 



i ICo|<i 



< 



< 



< 



< 



|£o|(t ±o ICol) 2 
X|Co|<ilff ±0 (£o)l 



F 1 (X 1 )F 2 (X + X 1 )dX 1 dX 



ie |<T-o ± led) 2 

xicoi<ilg ±0 (6)l 

X|?ol<l 



d^oll^ill 11^2 



deoll^illll^l 



1/2 



IF, II \\F 2 



proving (11.4). 

This completes the proof of (3.4). 



12. Estimates for the electromagnetic field 

Here we prove Theorem 1.2. Since Maxwell's equations are linear, uniqueness is 
trivial, so we only need to construct the solution. Let us define (E, B) by (1.4). 
Since we know that OA^ = — and that satisfies the Lorenz gauge condition, 
a direct calculation shows that (1.1) is satisfied, so it only remains to prove 

||E(t)|| H ._ 1/a + ||B(t)|| H ._ 1/a < C (Vt G [-T,T]), 

where C depends on the data norm 2 defined by (3.1). But the components of 
E, B are just the nonzero components of the electromagnetic tensor 

F kX = d K A\ - d x A K , 

so we need to prove 

(12-1) \\F K x(t)\\ HS _ 1/2 <C (WG[-T,T]). 

Of course, it suffices to consider indices (k, A) = (k, I), (k, 0), where k, I = 1, 2, 3. 
Since DA K = —J K , 



UF K 



-d K J\ + d\J K . 



Split 



where DF^ m - 



TTi T-ihom. i jTiinh. 

- f K \ + f K \ , 

with the initial data determined by (Eo,Bo), and 

F^- = n- x (-d K j x + d x j K ). 



(12.2) 

For the homogeneous part F^ m -, (12.1) holds by the energy inequality for the 
wave equation and the assumption Eo,Bo G iF -1 / 2 . 

It remains to prove (12.1) for F 1 ^ 1 -. Splitting ip = ip + + ip_ we see from (1.6) 
and (2.1) that 



UX ) 



±1,±2 



( a,U(e 1 )z 1 ,U(e 2 )z 2 ) G 1 {X 1 )G 2 {X 2 ) 12 

±1 \Zl\) l / 2+S (T2 ±2 |6l) 1/2+£ 
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where e } = ±i£j/%|, Zj : R 1+3 -> C 4 is measurable, \ Zj \ = 1, G 3 € L 2 (R 1+ V and 
Gj > 0, for j = 1, 2. Now observe that the symbol of (l/i)d K is 



*o = 



To for ft = 0, 

$ for « = 1,2, 3, 



recalling that £ = (£q)£o>4"o)- Thus, applying Lemma 3.1 to (12.2), and writing 
£ = (±o,±!,± 2 ), we have 



(12.3) 
where 
7 s 



\F^-(t)\\ H3 . 1/2 <J2 lS (VtG[-T,T]), 
s 

a KX (X 1 ,X 2 )G 1 (X 1 )G 2 (X 2 ) 



Koltto^-fo ±o 16)1) n i =1 &>"fa ± j 
a KX (X 1 ,X 2 ) = X* ( a A n(ei)zi, U(e 2 )z 2 ) - X A ( a K U(ei)z u U(e 2 )z 2 } 
Define #i2,#oi)0O2 as in (3.15). We have the following null structure: 
Lemma 12.1. With notation as above, 



So 



(12.4) 
(12.5) 

for k,l= 1,2,3. 



Wki(X 1 ,X 2 )\ 
[Co| 

|q fc o(Xi,X 2 )| 
|£o| 



< 



>i 2 + min(0 O i,0o2), 



< 



6>i 2 + min(0 O i,0o2) + 



| tq ±o l£o 
|£o| 



Proof. By the rule for raising or lowering indices, oik = Q;fe f° r fc = 1,2, 3, whereas 



c*o = —a = 14x4- Thus, 



= ^ ( «'n(ei)zi, n(e 2 )z 2 > - < a fe n(ei)zi, n(e 2 )z 2 ) 
o"feo (Xi,X 2 ) Co 



n(ei)zi,n(e 2 )z 2 ) + y^i( a k U{e 1 )z 1 ,U{e 2 )z 2 ) 



Then by the commutation identity (4.5) we see that 
\a k i(X 1 ,X 2 )\ ^ ,11 , t. 



|G>| 



<flia + |eoei-e{,ef|<flia + fl 



01, 



but since the a fc are self-adjoint, we get also the same estimate with 9o 2 instead of 
6»oi, proving (12.4). 

Similarly we find that 



\o~ko(Xi,X 2 ) 



<0 12 + \e h -e k ;\ 



ko ±o |£o| 



< 



ko ±o |£ol 



Isol |?o| I so 

but again, by the self-adjointness of the a k , we can also get 9o 2 instead of ( 
proving (12.5). 



01, 

□ 



In view of (12.3) and Lemma 12.1, we reduce (12.1) to proving (dropping the 
superscript £ for simplicity) 



(12.6) 



Ii,l2,h<\\Fi\\ \\F 2 h 
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where 



h = 



Vl2 G 1 (X 1 )G 2 (X 2 ) 
W'-fo ±o Ml n ■ =1 (0> s (r J ±j |^|)V2+= 

min(g ol ,0 O2 )G 1 (X 1 )G 2 (X 2 ) 

ito) 1 ' 2 -^ ± i^oi) n?=i(o> s (^ ±i ioi> 1/2+ ' 



d Vx dr o 



d Vx n d-To 



«0 



h = 



G 1 {X 1 )G 2 {X 2 ) 



dfJ>x dT o 



12.1. Estimate for By dyadic decomposition as in section 3, 
(12.7) ' v ~~ JnL 



n.l N* / *-'{N 1 N i )'L (L 1 L 2 y/*+* 
where N = (N ,N U N 2 ), L = {L ,L X ,L 2 ) and 



(12.; 



Jn,. 



X K ±o (X )9i 2 ui(X 1 )u2(X 2 )dn 1 x o dT 

N o. L o 



«0 



where we use the notation (2.16), but with G"s instead of F's. 

Applying the Cauchy-Schwarz inequality with respect to tq, followed by either 
Theorem 4.1 or the trivial estimate (4.11) (which holds without the angle), 



(12.9) 
(12.10) 



Jn,l < Ll /2 (NoLoL^) 1 ' 2 IKH Husll , 



^((«) 8 «) 1/a ll«lllM 



Take the former to the power 1 — 2e and the latter to the power 2e. Then plugging 
the interpolated estimate into (12.7) and summing by the same type of argument 
that was used in section 10, we get (12.6) for 1\ (for e > sufficiently small 
depending on s > 0). 

12.2. Estimate for I 2 . Again we dominate by a sum like (12.7), but now Q\ 2 in 
(12.8) is replaced by min(# i, $02)- We need to prove (12.9). By Lemma 7.3, 

-012 \ V 2 

(12.11) min(0 ol ,0 O2 ) 



' r 1 

<^ / max 



N 

By comparison, in the estimate for I\ we used 0\ 2 < (L^/Af^) 1 '' 2 to get (12.9) 
(implicitly, since we used Theorem 4.1). Thus, the analysis for 1\ applies also here 
if N ~ A^ n , so we may assume 

(12.12) N < N x ~ N 2 . 

We distinguish the cases Lo < Anax and Li,L 2 <C Lo- 

12.2.1. The case Lo < Anax- We apply Cauchy-Schwarz as we did for I\ (hence we 

1 /2 

pick up a factor L ), and use (12.11) and the bilinear estimate (4.9), obtaining 



Jn,l ^5 -^c/ 2 



L 



12 \ 1/2 



N LqL, w , 



12 \V2 



IM| , 



proving (12.9). 
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12.2.2. The case L\, L2 <C Lq. Now we get into trouble if we try to follow the same 
approach as above, since we would need Theorem 4.2 to hold with C 2 ~ NqLiL 2 , 
but this is not true in general. The problem is that we pick up too many powers 
of Lq. But instead of using tq ±0 |£o| — O(Lq) when we apply the Cauchy-Schwarz 
inequality with respect to To, we can find another restriction on To by decomposing 
into angular sectors based on the maximal size of 812, as we now show. 
We may assume 612 <C 1, since otherwise we reduce to Ji. Therefore 

1/2 



(12.13) 



?12 < 7 = 



N L Q 



.N1N2 

and now we apply Lemma 3.4 and (12.11), thus dominating Jn,l by 

■Lo X V2 

.No 



(12.14) 



E 



X K ± (X ) (X 1 )u^ (X 2 ) d^ o dr 



€0 



where the sum is over u)\,u)2 € ^(7) with 9(u)i,u>2) < 7- Then by (9.9), 

(12.15) T + e -^i =0(d'), 

where 



d! = max (L^ ax , N^j 2 ) ~ max ( L^ 2 



N L 
Ni 

recalling (12.12). So now if we apply the Cauchy-Schwarz inequality with respect 
to To in (12.14) using (12.15), we get, defining u^ 1 '" 2 as in (8.22), 

1/2 



^) s E w 1/2 (|) 



< I max ( L^L, 



012 

1/2 



io 



1/2 



min (N 2 L L^ in , NqN^L* 



< (ATo^gZ.!^) 172 Il^xll ||^ 2 || 



1/2 E 

o;i ,CJ2 



7.^1 I 



,7, "2 I 



where we used Theorem 4.2, and we summed uj\,u> 2 as in (2.19). 
This concludes the proof of (12.9) for 12- 

12.3. Estimate for I 3 . Here the r-integrations decouple, so J3 can be written 

51(6)32(6) 



la = 



where 



G{X 3 ) 



9 Mi) = 



r, ±, | J)W ^ 
llflill <C e ||G 3 -||. 



S(Zo - 6 + 6) #1 d& 
0' = 1,2), 



Co 



hence 

Thus, it suffices to prove 

/3<||5l|| W, 

but this follows from the Sobolev product estimate (in physical space) 



(12.16) 



\\D\-Hhf2)\\ H s-^ < ll/ill WMb- (V/1,/2 e5(K 3 )), 
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which we claim holds for any s > 0. 

In fact, by Sobolev embedding and Holder's inequality, 

||P|- 1 (/i/a)||j._ l/a < Wfif2\\ LP < H/ill H/a|l z . S7 jL 5 < H/ill \\h\\ H . , 

where 

1 1 _ 3/2 -s 
p ~ 2 " 3 ' 

and this proves (12.16). 

This concludes the proof of the estimate (12.6), hence (12.1). 

12.4. Proof of (1.34). By the energy inequality for the wave equation, it is enough 
to prove 

f ||D4*-(t)|| dt <oo, 

J — T 

which in view of (1-20) reduces to 

/ HlV'WHIff.-a/a 00. 
J-T 

But the latter follows immediately from (12.16) (which holds with replaced 
by (D)- 1 ), since i\> e C([-T, T]; IF). 

This concludes the proof of Theorem 1.2. 
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